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Hepatitis B is one of the leading causes of morbidity and mortality, affecting hundreds of millions of people worldwide. Thus, this
paper focuses on three control measures as the best way to intervene against the hepatitis B viral infection. These measures are
condom use, testing and treatment, and vaccination to stop the disease from spreading over a community. The model
comprises seven (7) compartments that include susceptible individuals, latent individuals, acute-infected individuals, chronic-
infected individuals, infected by carrier individuals, recovered individuals from the disease, and the vaccinated population. We
mathematically established a nonlinear differential equation to study the dynamics of the model. The disease-free equilibrium
(DFE) and endemic equilibrium (EE) are reached. The basic reproduction numbers, 92{}, 5‘2{){ , and 9?5, determine the
transmission of the disease and thus are gotten. We perform sensitivity analysis on the reproduction numbers to identify the
factors that affect the reproduction numbers. The results of the sensitivity analysis paved a way for introducing a controlled
system which was solved using Pontryagin’s maximum principle (PMP) and the optimality system got. The optimality system
was then solved numerically using the forward and backward sweep approach, and graphs were generated, establishing the
conditions for local and global stability of the disease-free equilibrium using the Routh-Hurwitz criterion and Castillo-Chavez
approach, respectively. We also used Pontryagin’s maximum principle to determine the optimality system. The result of the
analysis of the stability of the disease-free equilibrium states that hepatitis B virus can be completely wiped out if the rate of
infection is kept at a number less than unity. A numerical simulation of the model was carried out and showed that hepatitis B
virus transmission can best be controlled when condom use, testing and treatment, and vaccination are implemented.

hazard for health workers [1]. Hepatitis means liver inflam-
mation. A vital organ that processes nutrients, cleans the
blood, and battles infections is the liver. When the liver is

A viral infection called hepatitis B can cause both acute and
chronic diseases and attack the liver. It is the most severe
form of viral hepatitis and a significant global health issue.
Around 780,000 individuals are expected to die each year
because of the effects of hepatitis B, which include liver can-
cer and cirrhosis. The virus is extremely infectious and is
spread by contact with an infected person’s blood or other
body fluids. Hepatitis B virus has an average lifespan of
seven days outside the body and is a significant occupational

inflamed or impaired, its functions may be affected. Typi-
cally, a viral infection causes hepatitis, although other poten-
tial causes of hepatitis can exist, such as heavy use of alcohol,
chemicals, certain drugs, and certain medical conditions.
Acute hepatitis B usually takes 75 days to incubate, although
it can range from approximately 30 to 180 days.

The host’s immune response controls liver damage when
infected with HBV [1]. Results of HBV infection depend on
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host characteristics, such as age, gender, genetic background,
coinfections, other coexisting diseases, and concomitant
medicines, based on viral elements, such as the HBV geno-
type and viral DNA concentrations. Recent infections with
HBV are characterized by the existence of HBsAg and
immunoglobulin M (IgM) versus HBcAg in the blood.
Patients are extremely HBeAgg-positive throughout the ear-
liest stages of the infection’s replication phase. The initial
infection may be symptomatic or asymptomatic, present
as, with or without, acute (clinical) hepatitis jaundice, or it
may contribute to hepatitis. Approximately 1 percent of
acute hepatitis B, characterized by acute inflammation and
hepatocellular necrosis, occurs 10 percent of infections in
early childhood, perinatal infections (in kids 1-5 years of
age), and 30 percent of late infections (in people > 5 years
of age). The fulminant disorder progresses rarely in babies
and teenagers, but 0.5 percent-1 percent exists. Acute hepa-
titis B cases in adults have a case-fatality rate of 20 percent to
33 percent. The rate of growth of chronic infection with
HBYV is inversely associated with age. About 80 percent to
90 percent of infants with perinatal infection develop the
infection, 30-50 percent of children who are infected before
6 years of age, and <5 percent of otherwise occurring infec-
tions in adults that are well [2]. According to WHO [1], the
two principal ways that hepatitis B is spread are horizontal-
ly(infected blood) or during pregnancy and childbirth (peri-
natal transmission), especially during the first 5 years of life
from an infected child to an uninfected child. Infants who
are infected by their mothers or who are under the age of five
frequently get persistent infections. Contaminated bodily
fluids like saliva, menstrual, vaginal, and seminal secretions
can spread hepatitis B through needle stick damage, tattoo-
ing, piercing, and exposure. Hepatitis B can be sexually
transmitted, especially in heterosexuals who have several
partners and unvaccinated men who have sex with other
men or who have sexual intercourse with sex workers.
When newly infected, most individuals do not experi-
ence any symptoms. Some individuals, however, have an
acute disease with symptoms that extend for several weeks.
These symptoms include skin and eye yellowing (jaundice),
dark urine, extreme fatigue, nausea, and vomiting. Acute
liver failure, which may lead to death, can occur in a small
subset of individuals with acute hepatitis. Some patients
who have the hepatitis B virus may also develop a persistent
liver infection, which can later turn into cirrhosis (liver scar-
ring) or liver cancer. The risk of developing a chronic infec-
tion varies with infection age and is highest in infants and
young children. 90 percent of newborns and 25 to 50 percent
of kids between the ages of 1 and 5 will continue to have
chronic HBV infections. In contrast, about 95 percent of
individuals fully recover from HBV infection and do not
develop a chronic infection. Getting vaccinated is the great-
est method to avoid hepatitis B [1]. It is possible to treat hep-
atitis B virus infection. Typically, therapy is permanent, but
acute hepatitis B disease does not have any clear treatment.
Providing adequate nutrition and replacing fluids lost from
vomiting and diarrhea supports therapy and symptom alle-
viation, which are the foundation of clinical management
[3]. Antiviral treatment for chronic infection with HBV
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should decrease morbidity and mortality because of progres-
sive liver disease. To prevent the negative effects of drug
resistance, the WHO advises using antiviral medications
with a high barrier to resistance (either tenofovir or enteca-
vir) as the preferred first-line treatment [4]. Chronic HBV
infection can be treated, although it is not curative [5]. It
can prevent or postpone the development of cirrhosis, lower
the risk of developing hepatocellular carcinoma (HCC), and
increase survival through long-term viral suppression.
Although tenofovir is commonly available as part of fixed
drug formulation antiretroviral regimens at a cheap cost,
therapy for HBV infection is not always easily accessible in
resource-constrained situations. Evidence suggests that anti-
viral therapy administered during the third trimester of
pregnancy can reduce maternal viral loads and the risk of
perinatal transmission of HBV from mothers with very high
viral loads [6, 7]. However, evidence suggests that antiviral
therapy administered during the third trimester of preg-
nancy can reduce maternal viral loads and the risk of perina-
tal transmission of HBV from mothers with very high viral
loads [4].

According to WHO in 2015, statistically, about 325 mil-
lion people worldwide were affected by viral hepatitis, with
257 million people living with hepatitis B and 71 million
people living with hepatitis C being the two major killers
of the five types of hepatitis. In 2015, 1.34 million deaths
were because of viral hepatitis. To inspire further action
toward the health targets in the 2030 Sustainable Develop-
ment Goals, World Hepatitis Day 2017 will be observed
under the theme “Eliminate Hepatitis.” In 2016, The World
Health Assembly approved WHO’s initial global health
sector strategy on viral hepatitis to aid nations in stepping
up their responses. According to recent WHO data, over
86 percent of the countries under review have established
national goals for the eradication of hepatitis, and over 70
percent have developed national hepatitis policies that
include access to quality services for prevention, diagnosis,
treatment, and care. In addition, nearly half of the countries
surveyed are targeting elimination by ensuring equal access
to care for hepatitis. But the WHO is worried that change
needs to be sped up. In Africa, a hidden epidemic that affects
over 70 million people is hepatitis B. Nine out of ten infected
individuals have never undergone testing because of a lack of
knowledge and inadequate access to testing and treatment.
To meet the worldwide eradication goals by 2030, it is
imperative to close the most critical gap in testing and treat-
ment coverage. Viral hepatitis B and C should be promptly
diagnosed and treated to prevent death. Considering the
aforementioned findings, we suggest the best preventative
measures for hepatitis B infections with saturation inci-
dence. Many researchers have established mathematical
models to describe the dynamics of the spread of hepatitis
B virus infection.

For instance, [8] developed a hepatitis B virus transmis-
sion model. Acute infectious and chronic infectious stages
are the two categories used to categorize the infectious
compartments. As a result, the overall population is split
into four groups: susceptible, acutely infected with hepatitis
B, chronically infected with hepatitis B, and recovered
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individuals. Following the model’s formulation, they deter-
mine the basic reproduction rate and the disease-free and
endemic equilibrium. They also proved that, under certain
conditions, the model is both locally and globally stable.
To construct a control strategy, three time-dependent con-
trol variables are used, such as isolation, treatment, and
vaccination. This control technique is aimed at increasing
the number of recovered individuals while reducing the
number of infected people. To describe numerical simula-
tions and validate all the analytical findings, they finally
adopted a numerical approach.

A fractional derivative analysis of hepatitis B disease is
developed by the authors [9, 10] by studying a new system
of equations in the sense of the Atangana-Baleanu Caputo
fractional order derivative (ABC). The proposed method
has five distinct compartments, such as the susceptible pop-
ulation, acute infections, chronic infections, the immunized
population, and the vaccinated population. Using some
well-known results from the fixed point theory, these
authors found the Ulam-Hyers type stability and qualitative
analysis of the candidate solution. They also established the
deterministic stability of the proposed system. These authors
analyzed a noninteger order model for hepatitis B (HBV)
based on a fractional order derivative of the Caputo singular
type. Thus, they could analyze the proposed system to get an
approximate or semianalytical solution using the Laplace
transform. Similarly, Adomian polynomial decomposition
techniques of the nonlinear terms and some homotopy
perturbation techniques (HPM) are also studied by these
authors.

[11, 12] proposed a model of the hepatitis B epidemic
that describes the dynamic features of both acute and
chronic HBV. Based on a few characteristics of how the virus
spreads, they developed a mathematical model for the
dynamics of HBV. The host population is identified by being
separated into five groups, namely, susceptible persons,
infected individuals, acutely infected individuals, chronic
HBV-positive individuals, and individuals who have recov-
ered from infection and have lifetime immunity. The model
was examined for potential stable states, and the threshold
number was calculated. The model yielded two equilibrium
points, namely, disease-free equilibrium and endemic
equilibrium. It was established that both of the model equi-
librium points are globally stable under specific circum-
stances. The Lyapunov function theory method was used
to determine the global stability of DFE, whereas the geo-
metrical method was employed to determine the global
stability of the EE. It is shown that the model displays a
backward bifurcation. Two-time dependent controls, such
as vaccination and treatment, were adopted to combat the
virus. Pontryagin’s approach was used to successfully reduce
both acute and chronic HB infections as part of the plan.
Finally, some simulations that show the effectiveness of the
controls were shown. It was determined that hepatitis B
could be eliminated from any population by using such a
long-term management plan.

In the “Methods” section, we have established and
described the mathematical model. In the “Analysis of the
model” section, we assumed constant control for the control

parameters. The positivity of solution was proven to be pos-
itive, and the system of nonlinear differential equations was
well-posed epidemiologically and mathematically. We could
determine the fundamental reproduction number by using
the next-generation method. The balance between the
endemic and disease states was established. The disease-
free is locally asymptotically stable when %, < 1 and unsta-
ble if %#,>1. The global stability of the disease-free is
proved globally asymptotically stable when the associated
reproduction number %, <1. While the disease will
completely disappear into a stable equilibrium, it will persist
and spread endemic in an unstable equilibrium. Using Pon-
tryagin’s maximum principle, we looked into the ideal
threshold needed to stop the spread of the hepatitis B viral
infection in a community. “Results” based on numerical
findings, the combination of condom use for prevention,
testing, treatment, and vaccine is the most effective method
for controlling the disease. Finally, we conclude this research
work in the “Conclusion” section.

2. Formulation of Hepatitis B Model

In this work, we show the hepatitis B virus transmission
dynamics together with three control strategies. We divided
the entire population into seven compartmental classes,
including susceptible individuals at time ¢, denoted by S(t),
the latent class L(t), acutely infected individuals I,(¢),
chronically infected individuals I(¢), carriers C(t), recov-
ered with permanent immunity R(¢) and vaccinated individ-
uals V(¢).

N(t)=S(t) + L(t) + I, (t) +Io(t) + C(t) + R(t) + V(¢). (1)

The susceptible individual compartment increases
because of recruitment at the birth of newborns that are
not vaccinated vy —vp I~ —vp,R because of vaccination
oS, where o is the vaccination rate and a rate of loss of
immunity among those who have recovered A;. The sus-
ceptible class reduces by a function (pl, + pyl.+ p&C)S/
1+ aC. Where p is the transmission rate of hepatitis B,
y is the modification parameter that accounts for higher
infectiousness of I, compared to I, and C, & is the mod-
ification parameter that accounts for the infectiousness
level of the carrier individuals, and « is the saturated
parameter. The susceptible class also decreases due to nat-
ural death at the rate p.

(pIy +pylc + pEC)S

S
=vy-vplo—vp,R+wV - [ aC 2)

dt

— (o +u)S+A;8S.

The population of latently infected individuals increases
because of new infection at a rate (pI, + pyl. + pEC)S/1 +
aC. The population decrease because of the progression of
latently infected individuals to acutely infected individuals
at a rate A, and natural death occurs frequently at u. The
population of acutely infected individuals increases because
of progression from latent class. The population decrease



because of progression into the chronically infected class at a
rate p,A,, where p, is the proportion that becomes chroni-
cally infected, and A, is the progression rate, progression into
carrier class at a rate (1 —p;)A, and treatment of acutely
infected individuals at a rate ¢,. The population of chroni-
cally infected individuals increases because of the proportion
of acutely infected individuals I, becoming chronically
infected I, where p, is the progression rate, and it increases
by a fraction of newborns that are chronically infected. The
chronically infected class decreased because of treatment,
and mortality rates were because of disease and natural
causes. The carrier individuals increase from the acutely
infected class because of the proportion of acutely infected
at rate (1-p;)A; and also reduce because of disease-
induced death, natural death, and treatment rate. The recov-
ery class increases because of treatment from acutely
infected, chronically infected, and carrier individuals’ class,
and it is increased by a fraction of newborns at the rate vp,.
It is reduced by the loss of immunity at the rate A;R and
natural death rate.

We, therefore, present the equations for the model with
constant controls.

s _ (pLy + pylc + pEC)S
E_W/ vpIc = vp,R+wV [+ aC
—(o+u)S+A3R,

dL _ (pLy + pyl¢c + pEC)S

— = - (A L,

dt 1+aC (A +#)

dl
d—:Z/ML— (B+d+ A+ ¢y,

dl
TE:P3A21A = (¢ tpu+ds—vp))le,

dcC

P (1=p3)A, = (u+dy + ¢5)C,

dR

g Gyt dlc+¢;C— (u+ A3 —vp,)R,

d

d—‘t/=v(1 -y)+0S-(u+w)V,

with the initial conditions
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The corresponding classes are combined together to
provide the dynamics of the system’s overall population (3)
that yields

dN
E:v—y(S+L+IA+IC+C+R+V). (5)

2.1. Basic Properties

Theorem 1. Let the initial solution set S(0),L(0),1,(0),
1:(0), C(0), R(0), (0), V(0) > 0 be a nonnegative initial con-
dition, and then, system (2) has a nonnegative solution S(t),
L(t),1,(8),I:(t), C(t), R(t), V(t) > 0 for all t > 0. Moreover,
limsup, N(t)<v/u. In addition, if N(0)<v/u, then
N(t) <vlu if the feasible region for system (3)

Q*:{(S,L,IA,IC,C,R,V)eIRZ C(S+L+I,+Ic+C+R+V)< 3}

=

—~

6)

is attractive and positively invariant with regard to the
system (3).

Proof. From the first equation of system (3), we have the
following

dS  (pLy+pylc+pEC)S
Z* T+ aC +(0+u)S=0. (7)

From time t =0 to t =t, we are integrating (+ve of sp)
to get

% {S(t) exp {Jt (Pl + pylc +p3€) | (ow)}] >0. (8)

0 1+aC

This means that

S(t) = 5(0) exp {— (J; (PLs +1”II§ c+ PEO) 4 (o ‘u)) }O,Vto.
(9)

We used a similar approach to prove that L(t),1,(¢),
I-(t),R(t), V(t), V(t) > 0 remain nonnegative for all ¢> 0.
The second portion of the theorem, which states that
model system (3) is positively invariant, is proved using
Equation (5) so that N(t)<v/p+ (N(0)—v/u) exp ™. It
follows that as t — coN(t) < v/u. Furthermore, if N(0) <
v/u, then N(t) <v/u. This establishes that Q is the manifold
on which the population has nonzero size.

Thus, it proves the boundedness of the solutions inside
Q. Hence, the solutions to the system (3) are attractive in a
region and positively invariant . We notice that system
(3) is feasible biologically and mathematically well-posed in
Q from Theorem 1. O
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3. The Hepatitis B Model Analysis

This section establishes the hepatitis B-free equilibrium state
and hepatitis B present equilibrium state, and the basic
reproduction number is obtained and carried out stability
analysis.

3.1. Equilibrium Points. The system (3) equilibrium points
are established by the setting of the system (3) to zero to
get

ds _ (pLy + pyIc + pEC)S
E—w[/ vpIc —vp,R+wV e
—(c+u)S+A;R=0,

dL _ (pl, + pylc + pEC)S _
qT IraC (i +pL=0
dl

d_;‘:AlL_ (u+d+ A, +¢)1, =0,

dl
d—f=p3AZIA —(py+pu+ds—vp,)Ic=0,

dcC

ar (L=p3)Ayly = (u+dy + ¢3)C,

dR

T ¢l +dolc +¢;C— (pt A3 = vpy)R=0,
‘Z_‘;:v(l ~y¥)+oS— (u+w)V=0.

(10)

In the absence of hepatitis B virus infection, the sys-
tem (3) has a steady state, and this steady state is termed
hepatitis B-free equilibrium. We calculated and evaluated
the Jacobian of the system (3) at the hepatitis B-free
equilibrium to determine the type of stability of the hep-
atitis B-free equilibrium. The signs of the Jacobian’s
eigenvalues are used to determine the local stability of
the hepatitis B-free equilibrium. The system’s hepatitis
B-free equilibrium (3) is

(8%, %19, 1%, C°, VO, R°)

_ (v(ow+‘uw+y2ux+a(w—au/w) 0.0.0.0.0 v(a+,u)(1—1//)>.
uptw)(o+p+w) ppto+w)

(11)

This only shows that the susceptible individuals’
recruitment and mortality rates change proportionally in
the absence of hepatitis B disease.

For the second equilibrium point, we let E** = (§**,L**,
L IE,C**,V**,R*) be the hepatitis B present equilibrium
of the model (2). At the equilibrium state, we let A" =
(P +pyI & +pEC* ™) /1 + aC** be the forces of infection

and N** =S8 + L™ + [}*+I"+V**+R**, solving system
(3) at steady state yields

1
S = (pM A + okskkg + pyA Ay Aeps )T,
PEX Ak ks I (PMAgAs + kokskyks + pyA Ay Agps)Ic
e KskyIE
Ay
kI *
I** — 4+ C ,
s
v k4k5)t2[2’
PpsArks
R** = (¢1k4k6 + ¢2P3A2k6 + ¢3k4k5/\2>12
p3Askk;
o _ kykskykooIT — (pAik,kgoI + pyAi A kepsoIE + vig)
kopEA Ak ksI? )
¢ = . + +A
© " vp, + py(my/l +am,) VY wms + Asim;
ke — g, P PSS
m4k1 my 1+ am, vp2m3) s
(12)
where
ky=(o+u),
k2 = (Al + M))
ky=(p+dy+A+¢))s
k4=(:"l+d3+¢2 VPI),
ks =(1-ps),
k6 = (l"l + d2 + ¢3):
k7 = (M + A3 - sz),
(13)
kg=(1-vy),
ko = (1 + w)
m, =13,
m,=C",
my=R",
my=8§",
mg=V".

3.2. Basic Reproduction Number. The term “basic repro-
duction number” refers to the typical number of second-
ary infections induced by one infectious person when the



entire population is susceptible, %#,. The hepatitis B virus
epidemiological threshold is represented by the symbol
Ry=p(FV'), and p denotes the dominant eigenvalue.
To determine the basic reproduction number of the system
(3), we implemented the strategies in [13] to get

(pLy + pylc + pEC)S
1+aC

F= 0
0

0 (14)

(A +wl
ML+ (p+d +A,+¢))],
V =
—P3holy + (pttds + ¢,)I
~(L=ps)haly + (p+dy +¢5)C
New infection terms and transition terms are, respec-
tively, contained in the matrices F and V in the system

(3). At hepatitis B-free equilibrium, the Jacobian matrices
of F and V are evaluated, producing the following results.

0 pS* pyS’ pEs°

0 0 0 0
F= ,
0 0 0 0
0 0 0 0
(A + 1) 0 0 0
-\ (u+d +A,+¢)) 0 0
V=
0 -p3A, (p+ds+¢,) 0
0 —(1-p3)A, 0 (H+dy+¢y)

(15)

Therefore, system (3) has a basic reproduction number
provided by

Ry =R + R + RS, (16)
where
%Az pSOA1
0 (AM+p)(p+di+A+¢))
0p A A
9?1512 pES"PA A, , (17)
(M +u)(u+di+ A+ ¢)(p+ds+¢,)
pESY (1= p LA
%g: ( 3)AA,

A +u)(p+d + A+ @) (utdy+¢;)

Abstract and Applied Analysis

3.3. Local Stability of the Hepatitis B
Disease-Free Equilibrium

Theorem 2. The hepatitis B disease-free equilibrium of sys-
tem (3) is locally asymptotically stable if &, < 1 and unstable

if otherwise.

Proof. The Jacobian matrix of the system (3) at hepatitis
B-free equilibrium J(E°) is be given by

—pSO

-r, 0 -pyS® —pES® —vp,+Ay, @
0 -r pS° pyS®  pES° 0 0
0 A -1 0 0 0 0
0 0  pA, -1, 0 0 o |
0 0 (1-p)A, O - 0 0
o 0 ¢ P A
o 0 0 0 0 0 -1,
(18)
where
= (Pla +1PI{£C+ PO _ (o4 ),

(19)

The characteristics polynomial J(E°) for (18) is hereby
defined as follows:
AN + AN+ AN+ AN+ AN + AL + AL+ Ay =0,
(20)

where the coefficients of (18) are given as
Ay =(rg(ri+ry+rs+ry+rs+rs+1y),

Ay=(rg(ry+ry+r3+ry+715+715) +13(1r +717)
try(ry ) Hrs(r Ayt sty

+r,(r 3+ 15+ 1) +11,—=A b —ow),

Ay=(rg(rs(ry+ry) +riry+ry(ry + 1,4 13)
+ry(ry + 1yt 3 1y)) Hry(r3(r) + 1) +115)
+r5(r3(ry + 1) +riry + 1, (1 + 1, +13))

+ 1 (rg(ry + 1y v 13+ 1+ 15) +13(r + 1)+ 11,
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As =

+ry(ry+rytry) +rs(r 3+ ry)) owr
+ A byry + ryryrs—r3A by =1 A by =15 A by =1, A, by
“Mby(ry+1y)—ow(r  +ry 131, 15+ 1)
A=A bsc,),

(r(ra(r3(ry + 1) +111y) +15(r3(r +713) + 715
+1,(r + 1y +73)) + A b =1y 1y 1,13)

+ ¢ (A by=ry + A by—13) + ¢y (A b351, + A, by—13)
+1,(A by =1y + 1 1r3) + 15 (ry(ry + 1) + 1, + A Dy
=1y + 11113 + 1y (rg(r3(r) + 1) + 11y + 1, (1 + 1y +13)
+r5(ry vyt ry+ry)) Hry(rs(ry +ry) +1i7y)
+15(ry(ry + 1)) + 10y +1,(r) + 1, +13)) + A b -1,
F 1Ty OWr (P + 1y + 13+ T, + 75+ 1g)—Ter A by
—rraTsA by =114 Ay by (1) +15) =114  bycy

—1674A b3y =114 A by =115 A by (1) +13)

—16rsA bycy—rerrgA by =16, A by —161;75A by
—1617A1by (1) +13)=1617A1by01 =617, bycy
—0w(rg(r) + 1y + 13+ 1, +15) +13(r) +1,)=A b

F 1y (1 Ty ) (T ATy T+ Q)—awrf

“Mbyey(ry + 1y +13)=Absey(ry 1y + 134 714)))))s

= (r5(cy(Aybyry + Ay byrs) + 14 (A byry=Ay by (1) + 1)

+11513) A byey (1) + 15+ 13))

-c, (r3 (Absry + A byrs) + A (b3r§ + Alb1b3))
+17(rg(ry(r3(ry + ry=Ayby +1y1y) +15(r3(ry +13)
“Mby+ iy Ary(ry 1y +13) A by (r +1y)
—Aybyc;=Absc, + Abyry + 11,1

+ ¢ (Mbyry + Aybyrs) + 6 (A1 by, + A, by13)
+14(Abyry=A by (1 +13) +1y1515)

+15(ry(r3(ry +13)=Ayby +1115)=A1 by (1) +13)
—Abycy + A\ biry + 1y 1ar)=A byc (1 + 15 4 13))

+ 760 (A1byry + A1byr3)) + €5 (A bsry + Ay bsrs)

+ 1y (M byry=A1by (1 +17)

+1y1y13) + 15(ry(r3(ry +15)=Aby +1y1y) =4 by (ry +13)
—Abyey + A\ by, + 1y 1513)=A by (1 + 1, +13)
“Absey(ry + 1y 13+ 7y)) + Uwrg—aw(r6(r3(r1 +17,)
“AMby iy Ay (r Ty A ry) H s (1 AT, 1))
+1y(r3(ry +13)=Aby +1y1ry) +15(r3(ry + 1) =AMy by
+riry +ry(ry 1y +13))=A by (1 +15)

—Abycy + Aybsc, +1y7,13)

+ ¢ (A bsry + A bsry)(ry + 1, + 13+ 1)

“Abscy(ry + 1) =ALby + 11y + 1y (1 1, 13))

+ Uwrf(rﬁ(rl +ry Tyt 1)+ ry(r +1y)

“AMby iy Ay (r Ay A1) H s (1 ATy T3 1y))

—Uwrf) (ry+ry+ry+ri+15+75)),

A, =

(r6(rs(ci(Aybyry + A byrs)ry (A by ry=Ay by (1) +13)
+1y7573)=Ay bycy (ry + 1y +13) ) =6y (r3 (A byry + Ay bsry)

+ Ay (b3(ry)” + Aybybs)) + ¢y (A bsry + Ay byrs) (ry + 1,

+ 73+ 74) =AM b3y (r3(ry + 1) =Ayby 1y + 1y (1 + 1+ 13)))
+717(r5(c; (A1 byry + Ay byrs) + 1y (A byry=Ay by 1y +13)
+1y1573)=Ay by (ry + 1+ 13) )¢y (r3 (A bsry + Ay bars)
+A (b3(r2)2 + /11171173)) +1g(c1 (A1byry + A1by15)

+ 6y (Absry + Aybsrs) + 1y (Aybyry—A by (1) +13) +1y7573)
+15(ry(r3(ry +12)=A1by +111) =AM by (1 +13)=Ay by

+ A by, +1y1515) A bycy (1) + 15 + 1=3)=A by, (ry + 1,
+ 73+ 1, + (A byrs + A byrs(r) + 1, 475+ 1y)
—Aybscy(r3(ry +1y)=Ayby + 11y +1y(ry + 15+ 13)))
~0w(ry)" =00 (rg(ry(rs(ry +1y)=Ayby +1yry 15 (rs(ry + 1)
“Mby+riry) +ry(ry +ry+13)=Aby (1) 1) =M by
—Aybscy + Aybyrs) + ¢y (A byry + Ay byrs)

+ 6y (Absry + Ay bsry) + 1y (A1 byry=Ayby (ry + 1) + 1y1573)
+15(ry(r3(ry + 1) =Aby +1115)=A by (ry +13)

—Abyey + Abyry + 1y 1ar)=A by (1 + 1y + 13 1))
+owr (re(r3(ry +1ry)=Aby + 11y + 1, (r) 17, +13)
+15(r 1y 413+ 1,)) +14(r3(r) +15)=A1 by +175)
+15(r3(ry + 1) =A by + 11y + 1y (1) + 1, +13))

=Ayby(ry + 1) =Abye =My bscy + A byrytryrars)
+0w(r) (1 + 1y + 13+ 1y 15+ 16)—0w(r)) (ry + 1,

F I3y 1s) +13(r + 1) =Aby +riny) g (r H 1y 1)

+r5(rp+ry+13+ 1,4 15)))))s

= ((U“’? + 1617 (rs(cr (A byry + A byrs) + 14 (A by,

“Mby(ry +13) +1yrr3)=Abyey (1 + 1y +13))

=6y (r3(Aybsry + Ay bsrs) (ry + 13+ 13)=A b3y (r3(ry +13)
=Aby 11y + 1y (1 15+ 13))=0w(r5(c (A byry + A byr3)
+ 14 (A byry=Ay by (ry +1y) + 1y1573)=A by (ry + 13+ 73))
=6y (r3(Aybsry + Ay bsrs) + A (b3r§ +Abbs))
+16(c1(Abyry + Abyrs) + ¢y (A byry + Ay bsrs)

+ 14 (M byry=Aby (1) + 1)) +1y1y13) + 15 (ry (r3(ry +13)
—Ayby +1y1y)=Ay by (1) + 1) =A1bycy + Ay by + 1y1y73)
—Mbyey(ry + 1y +13) A byey (1) + 1, + 15+ 1))

+ 6y (Absry + Aybsrs(ry + 1y + 15+ 1) =A bycy (r3(ry + 1)
“AMby+ i, Hry(ry 1, 4 13))) + owr g (ry(r3(ry + 1)
“Mby +1y1y)) +15(rs(ry + 1) =M by iy 1y (ry + 1y 15))
=Ayby(ry + 1) =Abyei=Aybsey + Ay byry + 1y1y13)
+¢(A1byry + Ay byr3) + 65 (A bty + Ay bsrs)

+ 14 (M byry=Aby (1) +1y) +1y1y13) + 15 (ry (r3(ry +13)
=M by +11y)=A by + (1 + 1) =A bycy + A by, +1y1,T)
—AMbye (1) + 1y +13)=A by, (r) + 1, + 13+ 1))

—awr‘f(r1 t Iyttt T+ rs)—awrf(ré(g(rl +1,)
—Mby 1y +ry(ry 1y H 1) +15(r 1, 4 13)

+15(ry + 1y + 13+ 1y)) +1y(r3(r) +15)=Aby +115)



+r5(rs(r) +15)=Aby + 11y +ry(r + 15+ 13))
—Ayby(ry +13)=A1byci A bscy + Ay byrytryyrs)

+ awrf(ré(rl + 1,415+ 1) +15(r +1,)=A b + 11,
+ry(r+ry+ ) Hrs(r +ry 413 41y)))))))-

(21)

Using the Routh-Hurwitz criterion, which stipulates that
all polynomial (Equation (20)) roots have a negative real
component if and only if the coefficients are positive and
the determinant of the matrices H;>1 for i=1,---7. It is
clear that D; > 0. Therefore, if D; >0 for j=2--- 7 and since
the hepatitis B free equilibrium is locally asymptotically sta-
ble, the Routh-Hurwitz conditions for the 7th-order charac-
teristics polynomial in (20) are satisfied, and we conclude
the hepatitis B free equilibrium is locally asymptotically
stable (LAS). O

3.4. Global Asymptotic Stability for Hepatitis B. The strategy
used in [14] is to examine the global asymptotic stability
(GAS) of the hepatitis B-free equilibrium for the model (3).

Lemma 3. Let system (3) be in the form

ax _ F(X, Z),
dt
(22)
az
5 =G(X.2),(X,0)=0,

where X = (S, V,R) and Z = (L,14,1, C) and components of
X € R’ represent the population that are not infected and
components of Z €R? represent the population that are
infected [14]. Considering the hepatitis B-free equilibrium
E’= (XY, 0), where

2 _ _
0o <v(0w+yw+y Y+ ouy — oyw) 00000 v(o+p)(1 1[/)>'
pptw)(o +ptw) Hpto+w)
(23)

The following requirements must be satisfied to pro-
vide global asymptotic stability: H, : dX/dt = F(X°,0), X°
is (GAS).

H,:G(X,Z)=PZ-G(X,2),G(X,Z) 20 for (X, Z) € Q,
where P=D,G(X’,0) is an M-matrix and Q is the biologi-
cally feasible region. Hence, E° is (GAS) if %, < 1.

Theorem 4. The hepatitis B-free equilibrium of system (3) is
(GAS) if R, < 1 and unstable if otherwise.

Proof. We have to establish that the conditions (H,) and
(H,) hold when %, < 1. For the uninfected population,
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we have

= (o+u)S
F(X,0) = 0 , (24)
v(l-y)+0S—(p+w)V

and X € R*® denotes the infected compartments in the
model (3), and we have

G(X,Z)=CZ-G(X,Z), (25)
where
_ pS pyS PEs
(e 1+aC 1+aC (1+aC)?
C= A —(u+dy+ A+ ¢p) 0 0
0 psha —(u+ds+¢,—vpy) 0
0 (1-p3)hy 0 —(u+dy+¢3)
(26)
Thus,
GI(X.2)
G,(X,Z
6%, 2)= Az( )
Gi(X,Z)
G,(X,2)

S S S
0 _ _ 0 _ 0 _
{PI‘(S 1+¢xC> PVIC<S 1+ac>+PEC(S 1+¢xC>

(27)

Therefore, Since S/1+aC<S$’, we have G(X,Z)=>0.
The global stability of X° = (v(ow + pw + p?y + opy — oyw)
lp(p+w)(0+pu+w),0,0,0,0,0,v(0+p)(1—y)/u(p+o+
w)) of the system dX/dt = F(X°, 0) is easy to verify. Therefore,
X is globally asymptotically stable if %, < 1. This completes
the proof. O

3.5. Hepatitis B Model Sensitivity Analysis. In order to deter-
mine how these parameters affect the spread of hepatitis B,
this subsection investigates on how the system (3) parame-
ters affect the basic reproduction number %,,. The sensitivity
index was got by partially differentiating %, regarding the
model (3) parameters. For example, we develop a formula
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TaBLE 1: Sensitivity indices for the hepatitis B model %,,.

Parameter Baseline values Sensitivity index %4 Sensitivity index 4 Sensitivity index %§
v 0.0121 1 1 1
o 0.9 -0.9816 -0.9816 -0.9816
w 0.01 0.9557 0.9557 0.9557
v 0.05 0.0335 0.0335 0.0335
P 0.11 — 1 —
P, 0.1 — — —
Ps 033 — 1 -0.4925

0.8-20.49 1 1
y 0.01 — 1 —
g 0.1 — — 1
¢, 0.05 -0.0122 -0.0122 -0.0122
[on 0.6 — -0.8897 —
¢s 0.98 — — -0.9923
d, 0.04 -0.0098 -0.0098 -0.0098
d, 0.0007 — — 0.0007
dy 0.00054 — -0.0080 —
A 6 per year 0.0012 0.0012 0.0012
A 4 per year -0.9764 — 0.0237
Ay 0.03-0.06 — — —
o 0.75 — — —
to get the sensitivity index of all the basic parameters in this —
wo%k, which is deﬁ}rlled as v that is 8920/81?// x Oy/0R,,. The % = S ul)(plf:‘fglc +PEC)S (M +p)L,
same applies to all model (3) parameters. The result is pre- u
sent\e/\(/'lelz)le:SZ til.at the parameters v, w, ¥, p,, 5, p» 9> &, and d_: =AML= (utd+dy+ )]y,
A, have positive sensitive indices; this means that as the dl
parameter is increased, the basic reproduction numbers ¢, d_tc =ps I, — (u+dy—vp))le,
R, and RS rise. The remaining parameters, o, ¢,, j;by d}}, L (28)
d,, and A, have negative values which implies that Z;, X, ,
arzld R ciecrease fogr higher values of the ;I))arameters. O dr (1=p3) Aol =+ dy 4 §510)C

d_R:(¢] + ¢+ $,C)uy — (U + Ay —vpy)R

4. Optimal Control of the Hepatitis B Model de TUA T TRC T o
We must determine the best amount of effort that will be 6;—‘: =v(l-y)+ou;S— (u+w)V.

required to control the spread of the disease if the eradica-
tion of hepatitis B virus infection is not workable owing to
economic or social and environmental factors. From
Figure 1, we injected the controls, and we come up with a
changed model as illustrated in Figure 2.

We added control interventions to the system (3) in
order to get

S
=vy -vplo—vp,R+wV

dt
1- 1 1 C)S
_ @z ;\:5}; c * PEC) — (ous + 4)S+ AR,

We present the objective functional ] for the model with
three (4) control strategies. The controls included are, namely,
vaccination, prevention through condom use, testing, and
treatment. Thus, we will examine the optimal level of effort
needed to control the transmission of the hepatitis B virus at
a minimal cost. This is done by maximizing the objective func-
tion, which is formulated in line with the derivation of [20].

s 1 2 2 2
Ju)=| |Ady+AJc+AC+ 3 (B, ut + Buj + Byu3) | dt.
0

(29)
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S uL Hla
T pSLa  PYSIc  pESC T
vy-vpilc-vp,R 1+aC  1+aC  1+aC ML
) > L) —> L) —>dla
wV
(1-p3)AyLa
\ 4
S
0. AR cit) —> 4,C
v(1-y)
—_— VI
® P3hal s
J/ R(t) €———— It uC
$alc
uv T \L \L dsl -
vpoR uR vpile ulc

FIGURE 1: Schematic diagram for th

e model with constant controls.

™ HL Hla
(1-p)pSIs (1-p)pySIc (1-p)pESC T
vy-vpIc-vp,R 1+aC 1+aC 1+aC ML
S(t) > L) ———————> 1,¢t) —>dila

yV

(1-p3)A,Ly
v
Ct) —>a,c
uC
ulc T \L T
vple Hle

FIGURE 2: Schematic diagram for the model with vaccination, prevention through condoms use, testing, and treatment as control strategies.

Given the objective function, where #; is the final time,
the coefficients A,, A,, A5, B}, B,, and B; are the positive
weights to balance the factors. Our goal in controlling the
transmission of the hepatitis B virus is to minimize the num-
bers of acutely infected individuals I,(f) and chronically
infected individuals I-(¢) and carry C(t), while minimizing
the cost of control of implementing and I,(t) representing
vaccination, prevention through condoms use, testing, and
treatment, respectively. Thus, we look for the best possible
control uy, u3, u; such that J(uy,us, u3) =min, , , {J(uy,
Uy, Uy) D Uy, Uy, Uy € U}, where U represents the set of mea-
surable functions defined from [0, #;] onto [0, 1]. The neces-
sary conditions that an optimal control must satisfy were
derived from Pontryagin’s maximum principle [21], and
the following set of differential equations are satisfied by
the existence result for optimal control from the adjoint vari-
able of the state variables. This principle converts the system

(28) into a problem of minimizing point-wise a Hamiltonian
H, regarding (u,, u,, u3). The Hamiltonian is

1
H=AIy+ A+ A;C+ 5 (Byui + Byuj + Bsus)
+Ag {wp—vpllc -vp,R+wV
_ (L—uy)(pLy + pylc + pEC)S

1+aC
+A, {(1 —uy)(pLy + pylc + pEC)S
+AIA [AL-

1+aC
(+dy+ A+ ¢uy)l,]
+AIC@3A21A -
+Ac[(1

—(ous +p)S+ /\SR]

-(A+ ,u)L}

(u+ds—vp,)lc]
—p3)MIy = (p+dy + ¢3u,)C
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+ AR[(@11a + $rlc + $3C)uy = (4 + A3 = vpy)R] (30)
+Ay[v(1 = y) +ousS - (u+w) V],

where Ag, A1, A; > Ar, A, Ag, and Ay, are the costate or adjoint

variables satisfactory.

Theorem 5. Let uj, uj, and uj be optimal controls and S, L,
I, I, C, R, and V be the solutions of the optimal control
problem ((28) and (29)) that minimize ] (u,, u,, u;) over U,
and then, there are adjoint variables Ag, A, A; , A1, Acs Ag,
and Ay, satisfying

d\, oH

it il 31
dt ~ 0i (31)

where S, L, 1,, I, C, R, and V are the adjoint variables, and
the controls uj, uj, and uj obey the optimality conditions.

;= max { 0, min (1, (A1 = A)(PLy + pylc + PEC)S\ |
(1+aC)B,;

4 = max {0) min <1) (AIA - AR)¢IIA + (AIC - /\R)‘pzlc +(Ac - AR)¢3C> },

B,
) = max {0, min (1, (s~ dy)oS AV)GS) }
By

(32)

Proof. To get the differentiable equations governing the
adjoint variables, we evaluated the differentiated Hamilto-
nian functional at the optimal control to prove the above-
stated theorem. Hence

ﬁz()t -1 (1—w)(ply +pylc + pEC)S
dt S 1+aC

+ (A= Ay)ous + Agu,

dA
d_tL:AL(Al +u) = A A
dAIA (1_u1)PS

ar (As— L)W + (AIA _)‘R>¢1u2
+ (AIA = Ac)pshy + A (p+dy+A,) = Ach, — Ay,

dA;, 1—u,)pyS
-=(As _)‘L)% + (AIA _/\R)‘/Sz”z

dt

+ /\Ic(y +d;+vp)) —A,,
% = (e = Ag)bstty + Ac(a+ dy) - As,
%: Ag(vp, = A3) + Ag(u+ A5 —vp,),

(33)

11
TaBLE 2: Hepatitis B model variables.
Variable Description
S(t) Susceptible individuals at time ¢
L(t) Latent individuals at time ¢
I,(¢) Acute infection individuals at time ¢
Io(t) Chronic infection individuals at time ¢
C(t) Carrier infection individuals at time ¢
R(t) Recovlg:re_d inc_iividgals frogl hepatitis
virus infection at time ¢
V(t) Vaccinated individuals at time ¢

With requirements for transversality

{As(tr) = Aultr) = Ay, (1) = A (1) = Ae(ty) = Ar(ty) = Av () =0
(34)

Additionally, the optimal functions u}, u5, and u3 satisfy

0H

ot b2 (35)
Therefore,
(1)) = (AL = Ag)(pLy + pyIc + pECIT + aC)S

1 Bl R
U = (A, = AR) O La + (A, — Ag) dolc + (Ac — Ap)$5C

2 B, i
M* _ (AS - AV)O'S

3 B,

(36)

Under [22], we conclude that the a priori boundedness of
the state system, the adjoint system, is how we could establish
the uniqueness of the optimality system based on standard
control arguments including the bound on the controls (33)
and (34). The length of the time [0, #/] is constrained in order

to ensure the uniqueness of the optimality system [5]. [

5. Numerical Simulations

The effects of interventions on the spread of hepatitis B in a
population are examined in this section. The forward and
backward Runge-Kutta scheme is used in [5] to solve the
numerically for the optimal control problems (28) and
(29). To reduce the number of acute, chronic, and carrier
hepatitis B virus infections, we apply the variables and
parameter values in Tables 2 and 3. The initial values of
the variables are given in Table 4. We set the time scale for
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TABLE 3: Parameter values and notation for the hepatitis B model.

Parameters Description Values Source

v Birth rate 0.0121 [15]

u Natural death rate 0.0069 [15]

o Vaccination rate 0.9 [16]

w Vaccination wine rate 0.01 [16]

¢ Proportional of unvaccinated infant 0.05 [16]

A A fraction of new born from recovered 0.11 [17]

P, A fraction of new born from recovered 0.1 [17]

p; Progression of acute infected that progresses to chronic infected 0.33 [16]
Transmission rate of hepatitis B virus 0.8-20.49 [18]

y Modification parameter depicting infectiousness of chronic HB virus 0.01 Assumed

13 Modification parameter depicting infectiousness of chronic HB virus 0.1 Assumed

(o} Testing and treatment rate of acute infection 0.05 (8]

¢, Testing and treatment rate of chronic infection 0.06 (8]

N Testing and treatment rate of carrier infection 0.98 Assumed

d, Disease-induced death in acute infection 0.04 (8]

d, Disease-induced death in chronic infection 0.0007 Assumed

dy Disease-induced death in carrier infection 0.00054 (8]

M Rate of moving from latent to acute infection 6 per year [19]

A Rate at which individual acute infection class 4 per year [19]

Ay Loss of recovery rate 0.3-0.6 [19]

a Saturated incidence 0.75 Assumed

A, Weight factor for acute infection 0.01 [1]

A, Weight factor for chronic infection 0.05 [1]

A, Weight factor for carrier infection 0.05 (8]

B, Weight factor for the control u, 2.0 Assumed

B, Weight factor for the control u, 1.5 (8]

B, Weight factor for the control u, 27 (8]

TaBLE 4: Initial values for the variables.

(II) Strategy B. Use of testing and treatment only for
infected individuals in acutely, chronically, and

Initial variables Value Source
carrier infection
5(0) 0.493 [23]
L(0) 0.0035 (23] (IIT) Strategy C. Use of vaccination only as a control
1,(0) 0.0035 23] frtlrfz';etgsy in susceptible populace and newborn
1:(0) 0.007 [23]
C(0) 011 [24] (IV) Strategy D. Use of condoms and testing and
treatment only as a control strategy in infective
R(0) 0.001 Assumed individuals in latent, acute, chronic, and carriers
V(0) 0.352 Assumed of hepatitis B virus infection

fifty years. The results are shown in Figures 3-6 using the
following techniques:

(I) Strategy A. Use of condoms only as a control strat-
egy in the infected population in latent stages of
hepatitis B virus infection

(IV) Strategy E. Use of condoms and vaccination only in

hepatitis B virus infection

susceptible, latent, and vaccinated populations of

(IV) Strategy F. Use of a combination of testing, treat-
ment, and vaccination in susceptible populations
and treatment only in an infected population with
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acutely, chronically, and carriers of Hepatitis B
virus infection

(IV) Strategy G. Use of condoms, testing and treat-
ment, and vaccination in susceptible individuals
and treatment in an infected population with
acutely, chronically, and carriers of hepatitis B
virus infection

5.1. Strategy A: Use of Condom Only. When condoms are
used (u,) as an individual defense against hepatitis B virus
infection in the population, we describe the simulation of
an optimum control system (28) for strategy A to maximize
the objective functional J, while we set (u,) and (u3) to zero.
Figures 3(a)-3(e) show a significant difference in the
population at various infection levels, with optimal strategy
(u; #0) when compared to the population without optimal
strategy control (#; =0). We observed in Figure 3(a) that
because of the control strategy, the number of latently L
infected individuals with HBV decreases, while the popu-
lation increases when there is no control. Similarly,
Figure 3(b) shows a decrease in the presence of control
strategy for acutely I, infected individuals with HBV in
the population, but the uncontrolled population in
Figure 3(b) resulted in increased endemic foci of the dis-
ease. In Figure 3(c), we see that the population of chron-
ically I infected individuals with HBV also reduced due
to control while the population increases in the absence
of control. In Figure 3(d), the population of carrier indi-
viduals decreases because of the practice of condom use
as a control strategy, while the population continued to
grow in the absence of control. The control profile in
Figure 3(e) revealed that using a condom only as a strat-
egy for preventing HBV infection is at the upper bound
of ;=50 years before it gradually dropped to the lower

bound. The infection stage of HBV in both the popula-
tion of latently, acutely, and chronically infected and car-
riers yielding the strategy is not the best result when the
condom is only used as a control strategy.

5.2. Strategy B: Use of Testing and Treatment Only. This
strategy shows the simulation of optimal control system
(28) for testing and treatment (u,); as the only control strat-
egy in the infected population was used to optimize objective
functional J, we set the other controls; u, is the use of con-
dom and vaccination u to zero. This simply means that only
the infected population was considered for testing and treat-
ment. In Figure 4(a), the findings reveal a substantial differ-
ence in acutely infected, chronically, and carrier individuals
with optimal strategy compared to the infected population
with HBV without control. This strategy shows that effective
testing and treatment have a significant impact in reducing
the disease among infected individuals in the population.
Figure 4(b) demonstrates that in the presence of testing
and treatment u, as a control strategy, the number of
infected individuals in acutely, chronically, and carriers
decreases, and it increases compared to when there is no
control. In Figure 4(c), we noticed that there is a significant
difference in the population of infected HBV when testing
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and treatment u, are used as control strategy compared to
without optimal control. Similarly, in Figure 4(d), the results
revealed that the population of infected carriers (C) reduced
because of testing and treatment and eventually increase
when there is no testing and treatment. This proves that
there is a close connection between the three infectious peo-
ple in the population. In the control profile in Figure 4(e), we
observe that the most effective testing and treatment control
u, rise and stabilize at the upper bound for ;=50 years

before progressively declining to the lowest bound.

5.3. Strategy C: Use of Vaccination Only. In strategy C, we
consider vaccination u; in the population of vaccinated as
the only control strategy to optimize the objective functional
J, and we set condom use 1, and testing and treatment u, of
infected individuals to zero. Figure 5(a) shows that when
there is control, the number of HBV-infected people
decreases to the minimal level as compared with the number
of infected individuals when control is absent. The number
of acutely I, infected individuals with HBV in Figure 5(b)
reduces because of vaccination of the infected population,
and the population increases in the absence of control strat-
egy. In Figure 5(c), the number of chronically I infected
individuals with HBV decreases because of optimal strategy
in the population, while the number increases in the absence
of optimal control strategy. The population of carriers
infected with HBV in Figure 5(d) decreases with optimal
strategy while it increases in the absence of a control strat-
egy. The control profile in Figure 5(e) rises at an upper
bound of ;=50 years’ time before gradually dropping to
the lower bound.

5.4. Strategy D: Use of Condom + Testing and Treatment
Only. Condom use is presented in strategy D as (u;) and
testing and treatment (u,) in infected population to opti-
mize the objective functional J while setting the vaccination
u, in susceptible population to zero. We observed in
Figures 6(a)-6(c) that, because of the control strategies, the
number of latently (L), acutely (I,), and chronically (I.)
infected individuals with HBV decreases as against the
increase in the uncontrolled case. Similar decrease in
Figure 6(d) is observed for the carrier-infected population
with HBV in the control strategy, while an increased number
is observed when there is no control. In Figure 6(e), the con-
trol profile, on the control, is at the upper bound for a max-
imum time f; = 10 years and drops gradually until it reaches
the lower bound, while control on testing and treatment u,
started from the lower bound, reaches the maximum (upper
bound), and remain there for ty= 16 years before it drops

gradually falling to the lower bound.

5.5. Strategy E: Use of Condom + Vaccination Only. Strategy
E presents the use of condom as the control (1) and vacci-
nation (u5) on the infected population to improve the func-
tional objectives J, while setting the testing and treatment
(u,) of the infected population to zero. In Figures 7(a)-
7(c), the population of infected individuals with HBV also
decreases in the presence of control u; and u; whereas the
number of infected individuals increases when there is no
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optimal strategy. Figure 7(d) describes a scenario where the
population of infected individuals decreases because of the
presence of control (u;,u;), and it increases when the
control strategy is totally absent. In contrast to the control
profile in Figure 7(e), it shows that the control (u;) is
reached at the upper bound ;=16 years before dropping

to lower bound, while the vaccination (u;) is at lower bound
t; = 1.7 years moved to the upper bound before coming back

to lower bound again (in a graph which line is a vaccinated).

5.6. Strategy F: Testing and Treatment + Vaccination Only. In
this strategy, the testing and treatment of infected individ-
uals u, and vaccination of susceptible individuals u; and
the objective functional J are optimized through controls,
while setting the control u, to zero. Figures 8(a)-8(c) dem-
onstrate a substantial difference in the infected population
with latently L, acutely I,, and chronically I hepatitis B
virus with optimal control strategy compared to the number
of infected individuals when there is no control. Figure 8(d)
shows that the control measures resulted in a drop in the
number of infected individuals, but the number of infected
persons increased in the absence of control. The control pro-
file in Figure 8(e) shows that the optimal control on testing
and treatment u, is at the upper bound #;=12.5 years
before it drops to the lower bound, whereas control u;
rises to the higher bound before it gradually fall to lower
bound #; =5 years.

5.7. Strategy G: Use of Condom + Testing and Treatment +
Vaccination. In strategy G, we present the use of condoms,
testing and treatment of infected individuals, and vaccina-
tion; we considered all three (4) controls (u;, u,, u;) in opti-
mizing the objective functional J. Compared to the situation
without control, the number of people infected with the
hepatitis B virus significantly decreased because of the con-
trol techniques, as shown in Figures 9(a)-9(c). We discov-
ered that, in contrast to the infected population without an
optimal strategy, Figure 9(d) demonstrates that the number
of infected populations with carriers (C) falls due to control
(uy, 1y, u3).

We observed in Figures 9(a)-9(c) that the number of
people with hepatitis B virus infection significantly
decreased because of the control techniques, in contrast to
a situation where there is no control. We also noticed that
Figure 9(d) demonstrates that the prevalence of infected
people who are also carriers (C) decreases due to control
(uy, Uy, uy) as compared to the infected population without
an optimal strategy. The control profile in Figure 9(e) on
control u, rises to the upper bound #;=0.1 year before

it gradually drops to the lower bound ;=2 years’ time,

and the control u, began from the lower bound and esca-
lated to the upper bound in #; =10.5 years while the con-
trol u; is at the upper bound before it gradually drop to
the lower bound. It simply depicts how the transmission
of HBV might be decreased or eliminated in the shortest
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workable time if an ideal method was used on the popula-
tion of infected classes. Using a condom, testing and treat-
ment, and vaccination strategy appeared to be the most
effective strategy, as was observed from the graphs.

6. Conclusion

In this research, we proposed an S-L—-1,-I.-C-R-V
model with three control intervention strategies, which is a
changed version of the work of Vahindian, Akbari, and
Heydari (2014). In the analytical solution, we considered
the control parameters to be constant. The positivity of the
solution was proven to be positive, and both mathematically
and epidemiologically, the system of nonlinear differential
equations was well-posed. Using the next-generation
method, we could get the basic reproduction number. The
disease-free and endemic equilibrium was established. The
disease-free is locally asymptotically stable when %<1
and unstable if %, > 1. The global stability of the disease-
free is proved globally asymptotically stable when the associ-
ated reproduction number %, < 1. In a stable equilibrium,
the disease will entirely die out, whereas in an unstable equi-
librium, it will persist and become endemic. We investigated
the optimal level required to put down the spread of the hep-
atitis B virus infection in a population using Pontryagin’s
maximum principle. Numerical results show the best strat-
egy for control of the combination of the use of a condom
for prevention and testing and treatment and vaccination.

As future work, we have broadened the number of com-
partments that make up our field of study of the hepatitis B
virus disease (HBV). Thus, we plan to consider the economic
aspect to understand this disease.
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