Asian Research Journal of

s Asian Research Journal of Mathematics

Volume 19, Issue 9, Page 148-157, 2023; Article no.ARJOM.103159
ISSN: 2456-477X

|

Some Fixed Point Theorems in e— Complete
FE-Metric Space

K. Manoj * and R. Jahir Hussain *

& PG & Research Department of Mathematics, Jamal Mohamed College (Autonomous) (Affiliated to
Bharathidasan University), Tiruchirappalli-620020, Tamilnadu, India.

Awuthors’ contributions

This work was carried out in collaboration between both authors. Author KM designed the study, performed the
theoretical analysis, wrote the protocol, and wrote the first draft of the manuscript. Author RJH managed the
analyses of the study and managed the theoretical reviews. Both authors read and approved the final manuscript.

Article Information
DOT: 10.9734/ARJOM /2023 /v19i9707

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and
additional Reviewers, peer review comments, different versions of the manuscript, comments of the editors, etc
are available here: https://www.sdiarticle5.com /review-history /103159

Received: 12/05/2023
Accepted: 15/07/2023
| Original Research Article Published: 19/07/2023

Abstract

In this study, we present fixed-point results for various contractions in E— Metric Space along with several
corollaries. Finding a fixed point result in E— Metric Space can also be done via implicit relations. In the
investigation of our primary result stands, all the theorems will be in non-solid cone and we cannot assume
interior point is non-empty.
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1 Introduction and Preliminaries

The notion of Cone metric space introduced by Huang and Zhang [1] replacing the real numbers by an ordered
Banach space, also they discovered fixed point theorems in cone metric space using contraction mapping. In
2008, Rezapour and Hamlbarani [2] redefined fixed point result without assumptions of normality of cone in
Banach space. Al-Rawashdeh et.al. [3] introduced the concept of E— metric space in 2012. TVS-valued cone
Banach space were defined by Mehmood et al.[4] in 2014.

Typically, the Banach space E was taken into account with a defined order in relation to the positive solid cone
ET of E, i.e., by assuming that interior of ET is not empty. The non-solid cones were just briefly mentioned
in a few results [5, 6]. When non-solid cones are involved, [6] took into account the quasi interior points of P
rather than interior points.

In 2017, Polyrakis [7] introduced the notions of semi-interior points and see some other article related to cone
and E— metric space [8, 9, 6]. Mehmood et al. [10] generalized the Banach,Kannan and Chatterjea contractions
in the setting of E— metric space via non-solid cones. some other reference related to fixed point theorems see
[11, 12].

In this article, we develope Ciric type and some other different kinds of contraction in the setting of E— metric
space. Also finally define some implicit relation in the setting of E— metric space.

A normed space E with |||, its ordered by the positive cone E', then u,v € E, such that u < v iff v—u € EV.

Definition 1.1. [3] An ordered space E is a vector space over R with a partial order relation < such that

(OS1) Yu,v & z€E/if uzv = u+z=<v+z,
(0S2) Yo eRY & u €E,u> 0g,vu > Og.

Likewise, if E contains a norm, it is referred to as a normed ordered space.

Definition 1.2. A normed ordered space X’s positive cone E' is known as:

1. Normal, 3 N >0>3
0<u<v = [ull <N

Yu,v € X.
2. Solid, then ET has non-empty interior,
3 Reflexive, if and only if E* N U is weakly compact, where U is the unit ball in X,
4 Strongly reflexive, if and only if ET NU is compact.

In the above definition, reflexive and strongly reflexive cones can be defined in [6].

Definition 1.3. [3] Given that E is an ordered space over real scalars, let X be a nonempty set. For all u,v
and z in X, an ordered E-metric on X, denoted by the E— valued function p®:X x X — E, we have

u,v) > 0z and p®(u,v) = Og if and only if u = v,

—
[
i
~
1
—

Oe
(62) pE(u7 U) = pE(U7 u) )
P (u, 2) + p¥(z,v).

Then the tuple (X,pE) is identified as E-metric space.

The definition that follows presumes that int (E"') is not empty.

149



Manoj and Hussain; Asian Res. J. Math., vol. 13, no. 9, pp. 148-157, 2023; Article no.ARJOM.103159

Definition 1.4. [10] Consider the E— metric space of an normed ordered space E and (u,) in X is called
convergent to u € X then, V ¢ € int (E+) , 3 a natural number N,

P* (Un,u) < ¢
Vn > N,

lim u, = u,
n— oo

or u, — u. The sequence (un) is called Cauchy, Vc € int (E+) ,3 a natural number N; such that

P° (Un, Um) < €
Vn,m < Ny

Definition 1.5. [7] Let E be a normed space with orders determined by the positive cone E* . We will represent
the zero of E by the symbol Oz. Let U = {u € E 3 ||u|| < 1} represent the closed unit ball of E, and by U™
we refer to the positive portion of the unit ball formed by the set

Ut =UNE".

Definition 1.6. [7] A point uy € ET is a semi-interior point of ET if 3p > 0 such that
ug — pU + C ET
Clearly any interior point of ETis semi-interior point. The Collection of all semi-interior points of E* as
indicated by (E*)6 ,
Vu,v EET u v <= v—ue€ (E*’)e

Example 1.1. [7] Let X, be the space of R* ordered by the pointwise ordering and with norm ||u,||, having
unit ball. The polygon D, of R? with vertices (1,0),(0,1),(—n,n),(—1,0),(0,—1), (n, —n) . The norm is given

by
|u| + |v], if uw >0
[[(w, 0)l[n = nel .
max{|ul|, |[v|} — 2= min{|u|, [v[}, if uv <O.

Suppose that E is the space of all the sequences (un) 3 un = (uf,us) € un with ||ua|,, < v(u)vVn € N and
~ > 0, depends on w. Assume that E is ordered by cone ET = {u = (un) €EX:un € ]Rf_ for any n} and
equipped with the norm

lulloo = sup [lunl],, -
neN

Also, suppose that X = ET™ — E' is the subspace of E generated by E* and ordered by E . Let 1 = (v,), where
vy, = (1,1) for any n € N. Then 1 is not an interior point of E* . For any m € N and v = (v,) € X 3,

= (va) = Cn=(-2,2), forn=m
T v, = (0,0),  forn#m

It is easy to show ||v]jec = % and 1+v ¢ ET | even though any u € EV is not an interior point of E* , therefore

ET has an empty interioc. The positive part of closed unit ball is
Ut = {u eE": lulloo < 1}.
For any u = (u) € U™ it is easy to see that ||u||, = u) +u; <1,
1-U* CE"

and 1 is a semi-interior point of EY . Also the space X is not complete using Proposition 2.4 of [7].
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Example 1.2. (In Ezample 2.7 of [7] and Ezample 5.9 of [8] ) it has been shown that a strong reflezive cone
ET of Li([0,1]) exists which generate a dense subspace X of L1([0,1]), i.e.,

x=g"—Eg"

and
Li([0,1]) = X.

Let V =co((B*(0,1)) U(=B"(0,1))) and Ei be a set of positive elements of L1([0,1]) generated by the set

Q=3v+V, where v=373" " ey for a € (0,1), where {e;} is the set of standard normalized basis. It has
been shown in [7], that the cone E™ has empty interior but has semi-interior points.

Hence every interior point of the cone ET is the semi-interior point if int (E"') is nonempty.

Proposition 1.1. [7] Any point that is semi-interior to a closed cone E' in a complete ordered normed space
E is also an interior point of ET.

Definition 1.7. [10] Assume that (E*)e is non-empty and E is the ordered normed space with (X,pE) be an
E— metric space. For any (u,) € X and u € X, then

(i) (un)e-converges to u when for every e > 0p, 3 a natural number w, - u
(ii) (un) is an e-Cauchy sequence when for every e 3> 0z, 3 k€N > p* (un, un) < e forall n,m > k.

(iii) (X, pE) is e-complete if every e-Cauchy sequence is e-convergent.

Theorem 1.3. [10] Let G : X — X be a mapping and (X,pE) be an e-complete E-metric space with positive
closed cone ET satisfying
P*(Gu, Gv) < ap®(u, v)

Vu,v € X and a € [0,1). Then G has a unique fized point in X and for each u € X, the sequence of iteration
(G"u),,-o converges to a fized-point of G .

Corollary 1.4. [10] Consider an e-complete E -metric space (X,pE) with positive closed cone ET 3 (EJF)e Zp.
For e > Og,up € X, set B(up,e) = {u€X:p°(u,v) e} and G:X — X be a mapping such that

P*(Gu, Gv) < ap®(u, v)
Vu,v € B (ug,e), where a € [0,1) and p* (ug,Gug) < (1 —a)e. Then G has a unique fized point in B (ug,e).

Corollary 1.5. [10] Let (X,pE) be an e— complete E-metric space with positive closed cone ET such that
(E+)e % . Let for some n € N, the mapping G : X — X satisfies

P° (G u, G™) < ap®(u,v)
for all u,v € X, where a € [0,1) is a constant. Then G has a unique fized point in X.

Theorem 1.6. [10] Let (X7pE) be an e— complete E-metric space with positive closed cone ET such that
(EY)® #¢. A mapping G: X — X satisfies
P"(Gu, Gv) 2 0 [p*(Gu, u) + p*(Gv, v)]

Yu,v € X and some 0 € [0, l) . Then G has a unique fized point in X, and for each u € X, (G"u),, converges

2
to a fized point of X.
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2 Main Result

Theorem 2.1. Consider an be a normed space E and it’s ordered by a closed positive cone EY. A function
G:X — X, where X is an e— complete E— metric space with positive closed cone ET such that (ET)® # ¢, it
satisfies

min{p®(Gu, Gv), p*(u, Gu), p° (v, Gv)} — min{p*(u, Gv), p*(v, Gu)} < ap™(u, v) (2.1)

Vu,v €X & a€(0,1) and p* (u,u,) < (1 —a) Then {G"u} converges to a fized point of G

Proof. Consider the iterative sequence
Ut 1 = Gup, = G"ug
where up € X, with u, # up+:Vn € N for n € N. Substitute u = un, v = uny; in equation (2.1), we get
min{pE(Guna Gun+l )7PE(Un7 GU7L)7PE(U7L+1 ) Gun+1 )} - min{pE(Um Gun+1 )7 pE(un+1 ) Gun)} j GPE(Un, U7L+1)
min{p®(tn-+ 1, Gtun), P (tn, Unt1), P (et 1, )} — MIn{P"(tn, tn), P (g 1, g 1)} 2 aP° (thny Unr)  (2.2)
Consider the LHS of equation (2.2),

. E E E . E E . E E
min{p” (unt1,6un)s P (Un, Unt 1), P (Ung1,un)}t — min{p”(un, un)s P (Upt 1, upt 1)} = min{p (upy1, unye),p (un,upg1)}

— min{p® (un, Un42), PE(un,+1 s Unt1)}
Suppose if min{pE(u”+1 ) un+2)7pE(u7’b7 Un+1 )} = pE(u’fH Un+1 )7
From equation (2.2)

pE(uTL7 ’LLn+1) = apE(u”a un+1)

It is not possible, since a € (0,1)

min{pE(un+l 3 un+2)7pE(un7 Un+1 )} = pE(un+1 ) un+2)-

Again for equation (2.2), we get

pE(Un+15u7l) j apE(un,u,H_]). (23)
Now,
pE (Un, Un+1) = pE (Gun, GUn—1)
a

=< ap® (Un, Un—1)

= a"p* (ur,up).
Now for n > m, consider
D" (tmy wn) 2 D% (U U 1) + D (Ut 1, Umr2) + - -+ D7 (Un—1, )
(am + am+1 R anfl) pE (Ul , U())

<a" (14+a+a®+-+a" ") p® (ur, uo)
m 1—a"™™ E
a™ | ———— ) p (1, up)

1—a

A

n—m

For any 7 3> 0g,3p > 0 such that 7 — pU" C EY and n; € N such that a™ (1*%

a

)pE (ur,up) € U™ for

any m,n > ni, therefore 7 — “—p® (us,up) — LU C 17— pU*T CEF,

1—a

—ghm

1
pE (U"!La um) = a™ ( 1—a )pE (UZ,U()) < 7 for all n,m = mni
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Hence (u,) is an e-Cauchy sequence, since u is e-complete 3 u € X such that u, — u. For a given 7 3> 0p,
choose n2 € N, such that pF (u,u,) < (1 —a)Z for all n > ny. Consider for all n > ns

m

P°(u, Gu) = p° (u, un

Therefore p®(u,Gu) < = for any = 3> 0z and m € N, therefore = — p®(u,Gu) € E* for all m € N, which
implies —p®(u,Gu) € E™, but p*(u,Gu) € E*, therefore
p°(u,Gu) = 0p
Hence u = Gu. Let v € X be such that v = Gu and v = Gv, then consider
p"(u, v) = p*(Gu, Gv) < ap®(u,v),

pE(u7 ’U) =0
Hence u = v. O

Theorem 2.2. Let (X,p®) be an e— complete E— metric space with closed positive cone ET such that (ET)® #
¢. A mapping G: X — X and there exist a non-negative number b1, b2, bs satisfying by + ba + bs < 1 such that
for each u,v €X,

" (Gu, Gv) < bip®(u,Gv) + bop® (v, Gu) + bsp™(u, v) (2.4)
Then G has a unique fixed point in X.

Proof. Consider up € X, unt+1 = Gun, = GupVn € N. For any n € N, uy, # Un+1

P (tin, Unt1) = P* (G, Gtin—1)
=< 010" (tn, G 1) + b2p" (tn—1, Gn ) + b3p™(Un, Un—1)
= b1p" (tn, tn) + b2p™(Un—1, Unt1) + b3p"(Un, Un—1)
=< bop® (tn—1, Un ) + bap® (Un, Unt 1) + b3p" (tn, Un—1)
(1= b2)p"(un, tnt1) < (b2 + b3)p"(wn—1, un)

Therfore,
b + b
pE(Umun+1) = - ! pE(un_J,un) (2~5)
1—b2
ba + b3 . -
Here s = < 1 and From equation (2.5) Continuing the above process, we get

1— b
Pt 1) < 5" (0 ) (2.6)
For n > m,
P (U Un) = P° (U, U 1) + D (Ut 1, Umaz) + -+ D° (Un—1, Un)
< (s™ 4 R R Snfl)pE (ur,up)
<" (Ls+s 4 +s"7") P’ (us, up)

1_ sn—m
X" (ﬁ) p* (us,uo)
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for n > m, consider

D" (U Ut 1) + D" (U 15 Umtz) + + D" (Un—1, Un)
S (8™ ) PP (ur, w0)
<™ (1+s+52+--~+s"7m71)pE(u1,uo)

m 1—g" ™
(257

— S

PN

For any 7 >> Og,3p > 0 such that 7 — pUT C ET and n3 € N3 s™ (l_lsf;m>pE(u1,uo) € §U+ for any
m,n > ng, therefore 7 — T;::LpE (ur,u0) — gU+ C 71— pU"T CET, hence

1—s"™

- )pE(uz,u0)<<Tfor all n,m > nj

pE (U, um) < 8™ (

Hence (u,) is an e-Cauchy sequence, since u is e-complete 3 u € X such that w, = u. Given 7 > 0p,
choose n4 € N, such that p® (u, un) < (1 —38)=Vn>ny.
" (u, Gu) < p° (u, un) + P& (tn, Gu)
= pE (u7 un) + pE (Tunfl ) Gu)
= pE (u7 u") + TpE (un—J ) ’LL)
T T

<(1—s)i+s—:—
m m m

A

Therefore p®(u,Gu) < — =~ > 0g and m € N, — p®(u,Gu) € ET for all m € N, which implies

v
—p®(u,Gu) € E1, but p*(u,Gu) € ET,
p°(u,Gu) = 0p
Hence u = Gu. Let v € X be such that v = Gu and v = Gv, then consider
P"(u, v) = p°(Gu, Gv) < sp°(u, v),
pE(u7 1}) =0

Hence u = v. O

Corollary 2.3. Let (X,p®) be an e— complete E— Metric space with closed positive cone EY such that (ET)® #
¢. A self mapping G of X satisfies

p"(Gu, Gv) < amax {p"(u, v), p"(u, Gu), p* (v, Gv), p* (u, Gv), p" (v, Gu) } . (2.7)
For all u,v €X & a€(0,1). Then G has a unique fized point in X.

Corollary 2.4. Let (X,p®) be an e— complete E— Metric space with closed positive cone EY such that (E1)® #
¢. A self mapping G of X satisfies

E E
0w Go) = ama { (0,0, 6. (0, Go), T C L PG, (28)
For all u,v €X & a€(0,1). Then G has a unique fized point in X.

Definition 2.1. Let ¥ be the class of all real valued continuous functions 9 : (RT)% = R" is non-decreasing.
Then it satisfies

For any w,v € RT,

Ce U+ v U
If it is either ujw(mu,()w—i—u,v,%) or ujz/)(v,wu,v,uw,g) or u X (u,v,u,u,v,v)
3 a real number 0 < a < 1 such that u < av
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Theorem 2.5. Let (X,p") be an e— complete E— metric space with closed positive cone such that (ET)® # é.
A continuous self mapping G of X satisfies

(2.9)

p®(u, Gu) + p*(v, Gv)) .

$2(060) = 6 (0,0 570G 57 1,60 170, Gu). 170, Go), !

Vu,v € X. Then G has a unique fixed point in X.

Proof. For any up € X, and n > 1 such that u; = Guy Continuing this process upto (n + 1) terms, we get
Unt+1 = Gun = G
Consider

E E
P (un, upt1) = p (Gun, Gup—71)

P (un, Gug) + pE(un—IaGun—1>>

E E E E E
= <P (tn, up—1), P (tn,Gun), P~ (up,Gun_1),p (Un—1,Gun),p (Un—71,Gup_1), 2

PE(un s g 1) + PR (g1, w)

E E E E E
=1 <P (uny tun—1)s P (Uns unt1), P (U, un), P (Un—1,Unt1), P (Un—1,Un), 5

PE(uns g 1) + PP (1, un) )

=Y <pE(un, 1), P (i, Ung 1), 0, (P (Un— 1, un) + D" (ttn, Unt 1)), P* (Un—1, un), 5

From definition of 2.1
PE(una Unt1) =X apE(unv Un—1)

Similarly,

P (Uny Un—1) = ap™(Un—1, Un—2)

Then

P (tn, Ung 1) = ap™(Un, un—1) < a’p(Un—1, Un—2)

On Continuing this inequality, we get
E n_E
P (Un, Unt1) X a"p(uo, ur)
Next for n > m,

pE(um» un) = ,+1) +pE (Um+1 s Um+2) + +pE (un—l ) un)

IA
=
]!
8
kol
~_ §
S
s
e
=}

=a

Where M = (%) and | = p® (us,up). Let 7>> 0g be given, choose p >037—pU" CE" and ns € N

—m n—m

such that a™ (%)pE (ur,u0) € gU*for any m,n >mns, T — G p° (ur,up) — gU+ Cr—pUT CET,

n—m

1—a
pE (U'ru um) = a™ (

17> pE(uz,uo) LTVnm2>ng
—a
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Hence (u,) is an e-Cauchy sequence, since u is e-complete 3 u € X such that u, — u. For a given 7 >> 0p,
choose ng € N, such that p® (v, un) < (1 —a)Z Vn>ne>
P (u, 6u) < p° (u, unt 1) + P° (unt1,Gu)

= 9" (u, Unt 1) + P° (Gun, Gu)

E E
p° (un,Gup) + p~ (u, Gu)
<" (uy ung 1) + ¥ (T—’E (uny ), BF (un, Gun) , P& (n, Gu) , P& (u, Gun) , P° (u, Gu) , I

2

E E
P (u ,Upt1) +p° (u,Gu)
=p° (v ung 1) + ¥ <pE (tn, w) , P° (Un, tng1) 5 P° (un, 6u) L P° (U, ung ), P° (u,Gu), m Tt ; :

Taking u, — u, we get

E
P (u,Gu) <0+ (0, 0,p" (u,Gu),0,p" (u,Gu), M)

2
From the definition 2.1, we have

Pt (u,Gu) < Og.
Here, p® (u,Gu) ¢ ET.
.. Only possible p* (u,Gu) = 0. Hence, Gu = u.

Suppose G has another fixed point say v = Gv, then

P* (u,v) = p* (Gu,Gv)

p® (u,Gu) + p* (v, Gv)
Fee)

< (pE (1, 0) 7 (o, Gu) (0, G, (v, Gur) 5 (v, Go)
= (6 (4, 0) ,0, 7% (u, v) , 1 (u, ) ,0,0)
From the definition of 2.1, we get

p* (u,v) < 0g, —p® (u,v) ¢ ET
Pt (u,v) =0

Hence u = v. O

3 Conclusions

In the article that is being presented, we describe fixed point results with various types of contraction in an
E— metric space. We also established a new implicit relation, which enables the contraction to reach a fixed
point result more conveniently. The main result of my article can be extended to random cone metric space and
integral type fixed point results.
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