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Abstract

The present paper is an extension of the work published in Kumar and Vishwakarma (Proceedings of the
National Academy of Sciences, India, Section A: Physical Sciences, 90(5): 933-939, 2020). In this paper,
various sample allocation schemes are utilized to derive the mathematical expressions for mean square errors
(MSEs) of several well-known estimators of population mean in stratified random sampling. Moreover, the
effects of various allocation schemes on the estimation of mean, are demonstrated theoretically as well as
empirically. The findings of the study reveal that the Neyman allocation provides a smaller variance (or MSE,
as the case may be) as compared to that of Equal and Proportional allocation schemes for the concerned
estimators. Moreover, the proposed classes of estimators are dominant over the pre-existing estimators under
the various allocation schemes considered in the study.
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1 Introduction

It is well known that the efficiency of an estimator, for the population parameter, is directly proportional to the
sample size, i.e., the larger the sample size, the more efficient is the estimator. This result is widely used at the
estimation stage when the sampling units are evenly distributed over the target population, and the samples are
selected by using simple random sampling (SRS) design. However, in case of a heterogeneous target population,
the efficiency can be greatly increased by dividing the target population into homogeneous sub-groups, known
as strata, and then selecting samples from each stratum separately.

In stratified random sampling, the selection of samples from each stratum can be carried out by utilizing various
allocation methods, for instance, equal allocation, proportional allocation, optimum allocation, and Neyman
allocation.

There are many practical situations in which stratified random sampling is desired and preferred as compared
to other sampling designs. It is widely used in studies dealing with the estimation of population parameters
for sub-groups of a population, and to analyze the relationships between two or more sub-groups. For instance,
persons of different ages tend to have different blood pressures, so in a blood pressure study it would be helpful
to stratify the target population by age groups, and to estimate the blood pressures separately for each age
group. A stratified sample may be more convenient to administer and may also result in a lower cost for the
survey. For instance, sampling frames may be constructed differently in different strata (see Lohr [1]).

In most of the surveys, the target population consists of heterogeneous units, and in that situation the SRS
design does not yield precise estimators for the population parameters (such as population mean, population
variance, etc.) of the variable under study. Hence, it becomes indispensable to adopt stratified random sampling
in that case.

In the past as well as in the recent times, several authors have given their noteworthy and innovative contributions
towards the development of estimation strategies for estimating the population mean of the study variable under
stratified random sampling. Some remarkable contributions in this direction have been made by Kadilar and
Cingi [2], Singh and Vishwakarma [3, 4], Shabbir and Gupta [5, 6], Singh et al. [7], Tailor et al. [8], Vishwakarma
and Singh [9], Vishwakarma and Kumar [10], Nidhi et al. [11], and Shahzad et al. [12]. Also, some recent
significant contributions in stratified random sampling have been made by Cetin and Koyuncu [13], Kumar and
Vishwakarma [14], Yadav and Tailor [15], Bhushan et al. [16], and Kumar et al. [17].

It is a well known fact that the sample allocation schemes have significant role in stratified random sampling.
Considering the given fact, an attempt has been made in this paper to extend the work published in Kumar
and Vishwakarma [14] for the cases of various sample allocation schemes and to describe, theoretically as well
as empirically, the effects of various allocation schemes on the efficiency of well-known estimators of population
mean (Y) of the study variable Y in stratified random sampling. The works in the subsequent sections are
organized as follows.

The Section 2 provides a detailed review of the estimation strategies in stratified random sampling by revealing
the various well-known estimators for population mean (Y) of the study variable Y. In Section 3, a methodology
is developed for obtaining the mathematical expressions for mean square errors (MSEs) of the class of separate
regression-cum-ratio estimators (T5) as developed in Kumar and Vishwakarma [14] under various allocation
schemes. Moreover, in Section 4, a methodology is developed for obtaining the mathematical expressions for
MSEs of the class of combined regression-cum-ratio estimators (7¢) as developed in Kumar and Vishwakarma
[14] under various allocation schemes. Furthermore, in Section 5, the variances and MSEs of several pre-existing
estimators are elaborated for the concerned sample allocation schemes. Also, in Sections 6 and 7, the necessary
and sufficient conditions (NASCs) for the dominance of T, and T, respectively, over the well-known pre-existing
estimators, are obtained for the concerned allocation schemes. In addition, an empirical analysis is carried out
in Section 8 for demonstrating the relative efficiencies of the classes of estimators Ts and 7. over the well-known
estimators, under various allocation schemes. Finally, the results and conclusion are given in Sections 9 and 10,
respectively.
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2 Some Pre-Existing Estimators of the Population Mean

In this section, we have revealed the various well-known estimators for population mean (Y) of the study
variable Y in stratified random sampling, along with their MSEs. To proceed further, we consider a finite
population U = {U1,Us,...,Un} consisting of N units, and the units being partitioned into L distinct strata
with At"-stratum containing N, units, (h=1,2,..., L), such that Zi:l Np = N. Let Y and X be the study and
auxiliary variables, respectively, taking the values yn; and zx; on the i** unit (i=1,2,..., Ni) of the ht"-stratum.
Further, let ns, be the size of the sample drawn from the h*"-stratum by using simple random sampling without
replacement (SRSWOR) scheme such that 3r_, n, = n.

Moreover, the population means of the variables Y and X in the ht* _stratum are Y = ngl Yni/Nr and
X, = Zf\]:hl Zhi/Nnr. The corresponding sample means in the h*"_stratum are Yn = Z:l:hl Yni/ny and Ty =
Dol Thi /.

The sample means of the variables Y and X, in stratified random sampling, are given by

L L

Yst = Z Whryn and Tse = Z WhZn

h=1 h=1
vi/here Wi = Np /N is t}_le stratum weig_ht. Also, §s: and T are the unbiased estimators of the population means
Y = Zﬁ:l WrY) and X = Zﬁzl Wi, Xhn, respectively.

The separate ratio estimator for population mean Y is defined by
I _
Xn
Urs = Yy Whain | = 1
YRS 2 hYh (m) ( )

Also, the separate regression estimator for Y is defined by

L
Yirs = Z Wh[gh + bh(Xh - Eh)] (2)

h=1
Here, by, = sy0n/52, denotes the sample regression coefficient of Y on X in the hth-stratum, where s2, =

nh171 Zf:hl(l’m - jh)2 and syzp = nh171 E?:hl(y;”- — Un)(Thi — Th)-

The combined ratio estimator (see Singh [18]) for population mean Y is defined by

YrC = st (X ) (3)

Tst

Also, the combined regression estimator for Y is defined by

'glrc = gst + b(X - i’st) (4)
where b = (Zﬁzl W}?)\hsymh/ Sk Wg,\hsih) An = (i - Nih)

The variance of stratified sample mean gs; under SRSWOR scheme is given by

L L
Var(gs) =Y _ WidnSyn = > Wi YiCyy, (5)
h=1

h=1

where Cy, = Syn/Vh.

10
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To the first order of approximation, the mean square errors (MSEs) of §rs, Yirs, Yrc, Gire arve given, respectively,
by

L
MSE(§rs) Z 1443 An (Syn — 2Rk Syan + Risih) (6)
h=1
L
MSE(firs) = Z Wi AnSon (1= pyen) (7)
MSE(jrc) Z Wixn (Syn — 2RSyan + R*S31) (3)
h=1
L
MSE ylrc Z Wh )‘hSyh (1 - pyz) (9)
where B B L )
Y; Y Wi Syen Sy
Rh:Xii;aR_§7pyz: Zhil i i apyzh:S:jShh
L L yhOz
¢ (Sh, winsz,) (zhzl WEALS2,)
Np,
Syn = N 1 Z yni — Yn)?, Sop, = Nh 1 Z Thi — Xn)?
L _ .
Syah = N 1 Z(yhi —Yn)(zhi — Xn)
=1

3 Proposed Methodology for Separate Regression-cum-
Ratio Estimators

In this section, we have developed the methodology for obtaining the mathematical expressions for MSEs of the
class of separate regression-cum-ratio estimators (75s) under various allocation schemes. To continue further, we
consider the following class of separate regression-cum-ratio estimators for the population mean Y as developed
in Kumar and Vishwakarma [14]:

. _
_ = _ anXp +’7h>
T, = W, + b (Xn — _ 10
;:1 w[Gn + bn(Xn — Zn)] (ahthr% (10)

where ay, and +y, are either real numbers or functions of some known parameters of auxiliary variable X, which
are determined such that the MSE of T, is minimum.

It is also worth noting that for ay, = 0, the class Ts reduces to the separate regression estimator girs in Eq. (2).

To the first order of approximation, the MSE of T is given by

MSE(T. Z Wik [Son + (0nRu + Br)*San, — 2(6n Ri + Bn) Sywn] (11)
h=1
where Bn = Syen/S%, is the population regression coefficient of ¥ on X in the h'"-stratum, and 6, =

{OéhXh/(OéhXh + ’Yh)}~

11
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The MSE of Ts at Eq. (11) is minimized for 6, = 0, which is possible only when ar = 0. Substituting
dp, =0 in Eq. (11) yields the minimum MSE of T; as

L
MSE(Ts)min = Z W}%Ahszh (1 - p'zzh) = MSE(ngS) (12)
h=1

Now, to apply various sample allocation schemes, we re-write the MSE of T in Eq. (11) as follows:

L L
MSE(Ts) = Wikuhn = > Wi (i - i) Yn (13)
h=1 h

— np  Np

where
Py = S;h + (0nRn + /Bh)QSf;h — 2(6nRn + Br)Syzr and W), = N /N.

In the subsequent sub-sections, we will derive the mathematical expressions for MSFEs of T under various
allocation schemes.

3.1 MSF of T, under Equal Allocation Scheme

In case of equal allocation scheme, samples of equal sizes are selected from each stratum, i.e., n, = n/L, where
n denotes the overall sample size, and L represents the total number of strata.

Hence, on substituting np, = n/L in Eq. (13), the MSE of Ts under equal allocation scheme is obtained
as

1 L
MSE(TS)Equal = W};Nh(LNh _n)d)h (14)
3.2 MSEFE of T, under Proportional Allocation Scheme

In case of proportional allocation scheme, the sample size in the h**-stratum (i-e., mp) is proportional to the
respective stratum size (i.e., Np). Symbolically, we have np = (n/N)Np = nW},, where W}, is the stratum weight
of the ht"-stratum.

Hence, on substituting n, = nW}, in Eq. (13), the MSE of Ts under proportional allocation scheme is obtained
as

(N-n) v
MSE(TS)PTOP - W Z thh (15)
h=1

3.3 MSFE of T, under Optimum Allocation Scheme

In case of optimum allocation scheme, the optimum sample sizes in each stratum is obtained by considering a
cost function of the form:

L
c=co+ Z ChTVh (16)
h=1

where ¢ = total sampling cost in stratified random sampling, co = overhead cost, ¢, = sampling cost per unit
in the h*"-stratum, and n; = sample size in the h**-stratum.

Now, we shall obtain the optimum values of n; such that the MSE of Ts is minimized for a specified cost
c<c".

12
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To proceed further, consider the Lagrangian function of the form:

L
L:MSE(TS)—i—T(co—I—ZChnh—C*) (17)
h=1
where 7 is the Lagrange’s multiplier.
Now substituting Eq. (13) in Eq. (17), we have
L 1 1 L
L= WP — - — +7(co+ )y epnp—c” 18
; h<nh Nh>1/)h (co ;hh ) (18)

Differentiating Eq. (18) with respect to ns, equating the result to zero, and then using the condition 2521 ny =
n, we obtain the optimum value of ny as

s — nWh/tbn/\/Ch
L Wi/ Ve

(19)

Hence, substituting the value of ny from Eq. (19) in Eq. (13), the MSE of Ts under optimum allocation scheme
is obtained as

MSE(Ts)opt = % (Z Wh\/ﬁ\/&) (Z Wh\/%/ﬁ) - W;\Lfizbh (20)
h=1 h=1

h=1

3.4 MSF of T, under Neyman Allocation Scheme

The Neyman allocation scheme is a particular case of optimum allocati9n scheme, in which the sampling cost
in each stratum is considered to be the same (i.e., ci =c2 =...=cL =¢).

Under Neyman allocation scheme, the sample size in the h*"-stratum is obtained from Eq. (19) on replacing cp,
with cl, and is given by
ny = nWh\/%
22:1 Wi/ibn

Hence, substituting the value of n;, from Eq. (21) in Eq. (13), the MSE of T, under Neyman allocation scheme
is obtained as

(21)

L 2L 2
MSE(TS)Neyman = % (Z Wh, \/%) - W]C]i:\f}h (22)
h=1

h=1

4 Proposed Methodology for Combined Regression-cum-Ratio
Estimators

In this section, we have developed the methodology for obtaining the mathematical expressions for MSEs of the
class of combined regression-cum-ratio estimators (7¢) under various allocation schemes. To proceed further, we
consider the following class of combined regression-cum-ratio estimators for the population mean Y as developed
in Kumar and Vishwakarma [14]:
- X
T = [+ (K - 2. (52 (23)
Tm

where Xy = 25:1 Wi (cnXn+7n) and Zar = 25:1 Wh(anZn+vn). Also, the scalars «, and 7y, are determined
such that the MSFE of T, is minimum.

13
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It is worth mentioning that for o, = 0, the class T, reduces to the combined regression estimator g in Eq.

(4).

To the first order of approximation, the MSE of T¢ is given by
L
MSE(T:) =Y Wikn [Son + (Raan + B)2 Sz — 2(Ruan + B)Syan] (24)
h=1

where = (25:1 W,f)\hSyzh/Zs:l Wf)\hSih) is the population regression coefficient of Y on X, and
Ruy=Y/Xu .

The MSE of T, at Eq. (24) is minimized for

ap = % = Qth(opt) (saY) %)

Substitution of apopey in place of o, in Eq. (24) yields the minimum MSE of T, as

L
MSE(Te)min = Y WiaSyn (1= pian) = MSE(Girs) (26)
h=1

Now, to apply various sample allocation schemes, the MSE of T, in Eq. (24) can be re-written as

L L
MSE(T.) = Wiién =Y _ Wi (i - Nih) én (27)
h=1 h=1

Nh
where
&n = Spn + (Raran + B)°S2, — 2(Raran, + B)Syen and Wy, = Ny /N.

Now, proceeding in a manner similar to that in Section 3, the expressions for MSEs of T. under various allocation
schemes are obtained as follows:

L
MSE(T.) guat = # S Nu(LNy = n)én (28)
h=1

MSE(T.) prop = 1) XLj Whén (29)

Nn h=1

1 (& L L Wi
MSE(Te)op = — | Y Wiv/envan | | Y- Wiven/ven | - i (30)
h=1 h=1 h=1
1 (& ’ Z Wién
MSE(TC)NEyman = E z Wh\/g - Th (31)
h=1 h=1

5 MSEs of the Pre-Existing Estimators under various Allocation
Schemes

In this section, the variances and MSFEs of several well-known estimators considered in Section 2 are obtained
by utilizing various sample allocation schemes as follows:

14
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(i) Variances of g under various allocation schemes:

L
_ 1
Var(yst)Equal = ATLN72 };Nh(LNh — n)Sih

(N —n) ¢
Var(gst)P'rop = Tn Z thih

L L W252
hOyh
Var(gst)opt = <Z Wh&,h\ﬁ) <h§_:1 WhSyh/\/?h> - 2. Nhy
L 2L 2 2
_ 1 Wi Syh
Var(yst)Neyman = e (Z thyh> - T}L
h=1 h=1
(ii) MSEs of jrs under various allocation schemes:
1 &
MSE(yrs)Equal =~ ]; Nu(LNp —n)Ch 5 Ch = San — 2RnSyen + RiS2n
MSE(??RS)Pmp - Z WhCh

MSE(yRS Opt = <ZW}L\/§\/&> (Z Wh\/&/\/&) ‘/I;\jfh

h=1 =1

L
MSE(:’?RS)Neyman - n <Z ) Z WhCh

h=1 h=1
(iii) MSEs of §irs under various allocation schemes:
| &
h=1

MSE(glrs)Equal =

L
N —n
MSE(Yirs) Prop = (Nin) E thih (1 - pixh)
h=1

MSE(§irs)opt = |:Z WhSyn ( p;zh) \/CTL] l:i WhSyn (1 - pizh)/\/a]

Nh

] L[ ] a1 )
MSE(les)Neyman = E Z WhSyh (1 - pyach) - Z Nh
h=1

h=1

(iv) MSEs of jrc under various allocation schemes:

L

1
MSE(Yrc)Equal = e ZNh(LNh —n)Qp 5 Qn = Sp, — 2RSyun + R*S2,

h=1

37)

(38)

(39)

(42)

(43)

(44)

15
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MSE(Jrc)Prop = (NN;H) XL: Wi (45)
n
L L w20
MSE(Jrc)opt = (Z m@ﬁ) (Z Wh\/sTh/\/a) > it (46)
h=1 h=1 h=1
A
MSE(yRC)NPyman = E <; Wh, Q}L) N (47)
(v) MSEs of . under various allocation schemes:
_ 1 < 2 2

MSE(ylrc)Equal = W ; Nh(LNh - n)Syh (1 - pyz) (48)

(N —n)

Mh

MSE(glrc)Prop =

N wSyn (1= pya) (49)

>
Il

1

Wi
MSE(Girc)opt = (1 — pye) [ (thsyh\/: (

> W yh/\ﬁ> th ]

=1

MSE(Gire) Neyman = (1 — piT) 1 (Z S > Z Wh (51)

" \i= h=1
Remark 5.1 From Egs. (48), (49), (50), and (51), we have
MSE(§ire) Bquat = (1 = pya) [Var(Fse) Equal (52)
MSE(fire)prop = (1= ye) [Var (fse) prov] (53)
MSE(fire)opt = (1= pyz) [Var(gst)opt] (54)
MSE(§irc)Neyman = (1 = pya) IV ar(§se) Neyman] (55)

6 Efficiency Comparisons for Separate Regression-cum-
Ratio Estimators

In this section, we have obtained the necessary and sufficient conditions (NASCs) for revealing the dominance of
the class of separate regression-cum-ratio estimators (7) over the well-known pre-existing estimators on utilizing
the MSFE criterion, under various allocation schemes, as follows:

Case-I: Case of Equal Allocation

From Eqgs. (14), (32), (36), and (40), we have
( ) MSE( )E‘qual < Var(yst)Equal if

> Nw(LNy —n) (¥n — Sy) <0 (56)

(i) MSE(Ts) Bquat < MSE(Yrs) Bqual if

Z Np(LNp —n) (Yr —Cr) <0 (57)
h=1

16
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(iii) MSE(Ts)Equat = M SE(§irs) Equar if , ,
wh = Syh (1 - pyzh) (58)
i.e., poanSan + (OnRn + Br)’San — 2(6nRn + Br)Syen = 0 (59)
Case-1I: Case of Proportional Allocation

From Egs. (15), (33), (37), and (41), we have
(1) MSE(Ts)prop < Var(gst)prop if

Yn < Spn (60)
ie., (6hRu+Bn) < 2:2@;“ (61)
zh
(11) MSE(TS)Prop < MSE(@RS)Prop if
Pr < Ch (62)
ie,, (0nRn+ Br+ Rn) < Qggz}l (63)
xzh
(iii) MSE(TS)PTOP = MSE(gh«S)prop if
"/’h = S;h (1 - pia;h) (64)
ie., piwhSSh + (6w Ry + B1)2S2, — 2(6nRi + Bn)Syen = 0 (65)
Case-III: Case of Optimum Allocation
From Egs. (20), (34), (38), and (42), we have
(i) MSE(Ts)opt < Var(yst)opt if
1 L L L L
- { <Z Wh\ﬂﬁﬁ) <Z Wh@/@) - (Z Wﬁyh@) (Z Wﬁyh/@) }
h=1 h=1 h=1 h=1
L
Wi (vn — Sin)
< ; — N (66)
(ii) MSE(Ts)opt < MSE(grs)opt if
1 L L L L
! { (z WWf) (z W, W/f) - (z wﬁf> (z wm:/m) }
h=1 h=1 h=1 h=1
L 2
Wi (b — Cn)
< hZ:l N (67)
(iii) MSE(Ts)opt = MSE(§irs)opt if
L L
(v (3w vrva)
h=1 h=1
L L
- {Z WhSyn (1 - Pim)\/a} {Z WhSyn (1 - Pﬁxh)/\/aH
h=1 h=1
L 2 2 2
_ Z Wh {wh - Syh (1 - py:ch)} (68)

N,
h=1 h

Case-IV: Case of Neyman Allocation

17
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From Egs. (22), (35), (39), and (43), we have
( ) MSE( )Neyman < Var(yqt)Neyman if

i{<§?m¢mf<§?w&02} quﬁ) (69)

( ) MSE( )Neyman < MSE(yRS)Neyman if

) ) g

(111) MSE( )Neyman - MSE(ylrs)Neyman if

(Z Wh@) - {Z WhSyn (1 — piwh)} ] = Z Wi {von = S;G;(l — Pyan) } (71)

h=1

7 Efficiency Comparisons for Combined Regression-cum-Ratio
Estimators

In this section, we have obtained the necessary and sufficient conditions (NASCs) for revealing the superiority
of the class of combined regression-cum-ratio estimators (7.) over the well-known pre-existing estimators on
utilizing the MSE criterion, under various allocation schemes, as follows:

Case-I: Case of Equal Allocation
From Egs. (28), (32), (44), and (48), we have
( ) MSE( )Equal < Var(yst)Equal lf

XL: Nw(LNy —n) (én — Sii) <0 (72)
h=1

(i) MSE(Te) Equat < MSE(Yrc) Bquar if
XL: Nu(LNy, —n) (€n — Q) <0 (73)
h=1

(iti) MSE(Te) Bquat < MSE(firc) Equal if

> Nu(LNp —n) {&n — Sgn (1= pya) } <0 (74)
h=1

Case-1I: Case of Proportional Allocation
From Egs. (29), (33), (45), and (49), we have
(i) MSE(T) prop < Var(er) prop if

gh < SZh (75)
25yz
ie., (Ruan+B)< gg h (76)
xh
( ) MSE( )Prop < MSE(yRC)PT‘Op if
En < Qp (77)

18
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i.e., (RMah =+ ﬂ + R) < 52 (78)
xh
(iil) MSE( )Prop < MSE(leC)PTOp if
&n < Sy (1= pyz) (79)
ie., pzzszh + (RMah + ﬂ)283h — 2(RMOzh + ﬁ)Syzh <0 (80)
Case-III: Case of Optimum Allocation
From Egs. (30), (34), (46), and (50), we have
(i) MSE(Te)opt < Var(gst)ope if
! { (z W\/€f> (z wh@/m) - (z thwa> (z whsyh/m)}
h=1 h=1 h=1 h=1
Wi (¢ — Spn)
< 2 N, (81)
( ) MSE( )Opt < MSE(yRc)opt if
H(Sowvava) (S mvare) - (S wvmva ) (S wvave) |
<> Wi ( f’” Wi (&n = Shn) (82)
(iil) MSE( )Opt < MSE(ylrc)Opt if B
! Kz WJ?W) (z W, mr)
h=1 h=1
— (1= p3) <Z thyh\/a> <Z hSyh/\/aﬂ
h=1 h=1
< Z Wh {fh ( py*)} (83)

Nh
Case-I1V: Case of Neyman Allocation

From Egs. (31), (35), (47), and (51), we have
( ) MSE( )Neyman < Var(yst)Neyman if

% {(Z Wh\/a) — <Z WhSyh> } < Z %}l—syh) (84)

( ) MSE( )Ngyman < MSE(yRC)Neyman if

i{(ZWh\/?;J - <ZWm/QT> } < Zw (85)

h=1 h=1 h

(111) MSE( )Neyman < MSE(ylrc)Neyman if

i[(iw’l@y (1) <ZWhSyh)2] <ZWh {&n - Nh( — i)} (86)
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8 Empirical Study

In order to demonstrate the relative performances of the classes of estimators Ts and 7. over the pre-existing
estimators subjected to various allocation schemes, we have considered three natural population data sets. The
descriptions of the populations with the values of various parameters, are described below:

Population I- (Source: Murthy [19])

Y = factories in region

X = fixed capital

(see Table 1)

Population II- (Source: Kadilar and Cingi [20])
Y = amount of apple production

X= number of apple trees

(see Table 2)

Population IIT- (Source: Koyuncu and Kadilar [21])
Y = number of teachers

X = number of students

(see Table 3)

Table 1. Parameters of Population I

‘ Stratum — 1 2 3 4
N =80, n =45, Ni 19 32 14 15
Y =5182.64, Yy 2967.95 4657.63 6537.21 7843.67
X =1126.46, Xn 349.684 706.594 1539.57 2620.53
R = 4.6008, Syn 757.089 669.127 416.113 645.688
pyz = 0.7769. Szh 109.449 109.222 277.181 370.972
Pyzh 0.9364 0.9260 0.9835 0.9692
Table 2. Parameters of Population II
| Stratum — 1 2 3 4 5 6
N = 854, n = 140, Np, 106 106 94 171 204 173
fi = 2930, 1:/h 1536 2212 9384 5588 967 404
X = 37600, Xhn 24375 27421 72409 74365 26441 9844
R =0.0779, Syh 6425 11552 29907 28643 2390 946
pyz = 0.8267. Szh 49189 57461 160757 285603 45403 18794
Pyzh 0.82 0.86 0.90 0.99 0.71 0.89
Table 3. Parameters of Population ITI
[ Stratum — 1 2 3 4 5 6
N =923, n =180, Np 127 117 103 170 205 201
Y =436.433, Yy 703.74 413 573.17 424.66 267.03 393.84
X =11440.50, Xhn 20804.59 9211.79 14309.30 9478.85  5569.95 12997.59
R =0.0381, Syh 883.897  645.106  1033.43 810.676  403.749  711.669
Pyz = 0.9552. Szh 30478.70 15181 27545.40 18218.30 8499.74 23096.70
Pyah 0.936 0.996 0.994 0.983 0.989 0.965
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The mean square errors (MSEs) are computed under various allocation schemes for the well-known estimators

of Y, and the findings are depicted in Table 4.

Table 4. MSEs under various allocation schemes for the estimators of Y

Estimator  Allocation Scheme Population I ~ Population IT  Population III
Ust Equal * * 2378.45
Proportional 4119.27 1707723.08 2446.14
Neyman 3844.34 697338.37 2229.14
YRS Equal * * 147.17
Proportional 2048.6 276768 153.32
Neyman 1309.81 137999 99.63
Yirs Equal * * 124.22
Proportional 466.89 171278 123.54
Neyman 353.15 76260.7 85.35
YRC Equal * * 247.79
Proportional 4023.67 380982 245.45
Neyman 1502.95 168925 162.26
Yire Equal * * 208.34
Proportional 1632.99 540609 214.26
Neyman 1524 220754 195.26
Ts Equal * * 124.22
Proportional 466.89 171278 123.54
Neyman 353.15 76260.7 85.35
T. Equal * * 124.22
Proportional 466.89 171278 123.54
Neyman 353.15 76260.7 85.35

Table 5. PREs of various estimators of ¥ under Equal Allocation Scheme

* Data is not applicable

Estimator Population I

Population II

Population III

Ust * * 100
YRS * * 1616.15
Tirs * * 1914.66
YrC * * 959.87
Jire * * 1141.64
Ts * * 1914.66
T, * * 1914.66

Bold values represent the maximum PREs.

* Data is not applicable

The percent relative efficiencies (PREs) are obtained for the well-known estimators of ¥ with respect to the
stratified sample mean §s:, under various allocation schemes, and the findings are demonstrated in Tables 5, 6
and 7. The PREs have been computed using the below mentioned formulae:

PRE(¢,¥st) Equal =

PRE(¢7 gst)Prop ==

Var(gst)Equal
MSE(

Var(gst)
MSE(®)prop

x 100 ,

Equal

x 100 ,
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Var(gst)Neyman

PRE($, Yst)Neyman = MSE(¢)n
eyman

x 100 ,
where ¢ = Yst, Yrs, Yirs, YrC, Yire, Ls, Te .

Table 6. PREs of various estimators of Y under Proportional Allocation Scheme

Estimator Population I  Population II  Population III

Yst 100 100 100
YRS 201.08 617.02 1595.48
Yirs 882.28 997.05 1980.02
YrC 102.38 448.24 996.61
Yire 252.25 315.89 1141.64
Ts 882.28 997.05 1980.02
T 882.28 997.05 1980.02

Bold values represent the maximum PREs.

Table 7. PREs of various estimators of Y under Neyman Allocation Scheme

Estimator Population I  Population II ~ Population III

Yst 100 100 100

YRS 293.50 505.32 2237.35
Yirs 1088.58 914.41 2611.61
YrC 255.79 412.81 1373.79
Yire 252.25 315.89 1141.64
T, 1088.58 914.41 2611.61
T, 1088.58 914.41 2611.61

Bold values represent the maximum PREs.

9 Results

From Table 4, it is revealed that:

(i) In all the three populations, we have

Var(gst) Neyman < Var(st) Prop
and MSE($)Neyman < MSE($)prop
where ¢ = Yrs, Yirs, YRC, Yire, Ls, Te .
(ii) In population III, we observe that
Var(gst) Neyman < Var(¥st) Equal
and MSE(¢)Neyman < MSE(})Equal

(iii) The case of equal allocation is applied only in population III for the reason that n, =n/L = 180/6 = 30,
which is an integer value. Hence, in order to apply the equal allocation scheme in population III, the
samples of equal sizes (i.e., 30) are selected from each of the six stratum to make an overall sample of size
180.

22



Kumar and Vishwakarma; Asian J. Prob. Stat., vol. 23, no. 3, pp. 8-25, 2023; Article no.AJPAS.101896

(iv) In all the three populations, the class of separate regression-cum-ratio estimators (7s) is dominant over
the stratified sample mean (7s:), and the separate ratio estimator (grs) under various allocation schemes,
as was expected from the theoretical results of Section 6. Moreover, the performance of T is same as that
of the separate regression estimator (fi,s) for various allocation schemes.

(v) In all the three populations, the class of combined regression-cum-ratio estimators (7%) is dominant
over the stratified sample mean (gs¢), the combined ratio estimator (grc), and the combined regression
estimator (i) under various allocation schemes, as was expected from the theoretical results of Section 7.
Furthermore, the performance of T, is same as that of the separate regression estimator (girs) for various
allocation schemes.

Again, from Tables 5, 6, and 7, we observe that:

(i) In all the three allocation schemes (i.e., equal, proportional, and Neyman), the PREs of the class of separate
regression-cum-ratio estimators (75) are more as compared to Js¢, and §rs in the respective populations.

(ii) In all the three allocation schemes, the PREs of the class of combined regression-cum-ratio estimators (7¢)
are more as compared to ¥st, Yrc, and g in the respective populations.

(iii) In all the three allocation schemes, the PREs of the classes of estimators Ts, and T, are equivalent to
that of the separate regression estimator (girs) in the respective populations, as was expected from the
theoretical results of Sections 3 and 4.

10 Conclusion

In this paper, the theory of estimation of mean in stratified random sampling has been enhanced by incorporating
various sample allocation schemes, viz. equal allocation, proportional allocation, optimum allocation, and
Neyman allocation. Moreover, the relevance and significance of various allocation schemes in the estimation
procedure have been explored. For instance, the case of equal allocation can be applied only when the ratio
n/L is an integer value. In a similar manner, the case of optimum allocation can be applied if we have a prior
information on the cost involved in the survey. Furthermore, if the sampling cost incurred is the same in each
stratum of the population under consideration, then the case of Neyman allocation is applied.

It can be observed from the empirical results that if all the allocation schemes are applicable to a given data,
then the Neyman allocation provides a smaller variance (or MSE as the case may be) for the concerned estimator
as compared to the other allocation schemes.

In view of the theoretical and empirical results, we conclude that the classes of estimators T and T, as developed
by Kumar and Vishwakarma [14], are dominant over the stratified sample mean (gs:) and the other well-known

pre-existing estimators for the estimation of population mean (Y’) of the study variable Y under various allocation
schemes. Moreover, it is also revealed that the performances of Ts and T. are equivalent to that of the separate
regression estimator (Girs).
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