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Abstract

In this paper, we investigate the generalized third order Jacobsthal sequences and we deal with, in
detail, four special cases, namely, third order Jacobsthal, third order Jacobsthal-Lucas, modified
third order Jacobsthal, third order Jacobsthal Perrin sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these sequences.
Moreover, we give some identities and matrices related with these sequences.
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1 Introduction

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. The sequence of Fibonacci numbers {F,,} is defined by

Fn: n71+Fn72a 17,22, FOZOa Flzla
and the sequence of Lucas numbers {L,} is defined by
Ly :Ln71+Ln727 71227 L0:27 Ly =1

The Fibonacci numbers, Lucas numbers and their generalizations have many interesting properties
and applications to almost every field. Horadam [1] defined a generalization of Fibonacci sequence,
that is, he defined a second-order linear recurrence sequence { X, (Xo, X1;7,s)}, or simply {X,}, as
follows:

Xn=1rXn1+5Xn2; Xo=a, X1 = b7 (n > 2)
where Xy, X are arbitrary real (or complex) numbers and r, s are real numbers, see also Horadam
[2,3,4].

In this paper, we introduce the generalized third order Jacobsthal sequences and we investigate,
in detail, four special cases: third order Jacobsthal, third order Jacobsthal-Lucas, modified third
order Jacobsthal and Jacobsthal Perrin sequences.

It is well-known that the Jacobsthal sequence (sequence A001045 in [5]) {Jn} is defined recursively
by the equation, for n > 0
Jn+2 = Jn+1 + 2Jn

in which Jo = 0 and J; = 1. Then Jacobsthal sequence (second order Jacobsthal sequence) is
0,1,1,3,5,11,21,43, 85,171, 341, 683, 1365, 2731, 5461, 10923, ...

This sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [6,7,8,9,10,11,12,13,14,15,16,17,18].

For higher order Jacobsthal sequences, see [19,20,21,22,23,24,25,26].

The generalized Tribonacci sequence {W,, (Wo, W1, Wa; 7, s,t)}n>o (or shortly {Wy}n>0) is defined
as follows:

n=1"Wn_1+ sWh_o+tW,_3, Wo=a,Wi=bWa=¢c, n>3 (1.1)
where Wy, W1, Wa are arbitrary complex (or real) numbers and r, s,¢ are real numbers.
This sequence has been studied by many authors, see for example [27-39].

The sequence {W, },>0 can be extended to negative subscripts by defining
s T 1
W_pn = _wa(nfl) - wa(n72) + ;Wf(nfli)
for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

As {W,} is a third order recurrence sequence (difference equation), it’s characteristic equation is

2 —ra? —sx—t=0 (1.2)
whose roots are
a = a(r,s,t)zg—FA—i—B
8 = B(r,s,t)zg—i—wA—i—wQB
v o= ’Y(T7S7t)=g+w2A+wB
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where

5 st fl/g
A = (27+7+ + ) (27+f+77 A)
2

5t rls rst s 2 -1+ Z\/g
A = Alrst)=_—t TSt s b = T p(2mi/3
st =%~ Jst e T v 2 exp(2mi/3)

Note that we have the following identities

at+pf+y =
aft+ay+py = -—s
afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real (o) and two non-real solutions with the latter
being conjugate complex. So, in this case, it is well known that generalized Tribonacci numbers can
be expressed, for all integers n, using Binet’s formula

b1 Otn bzﬂ" bg’yn

[ P Y NI/ NS B S vy vy

(1.3)

where
b1 =Wa — (B+v)Wi + ByWo, ba = Wa — (a+v)W1 + ayWo, bs = Wa — (a + B)W1 + aSWo.

Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all
integers n, for a proof of this result see [40]. This result of Howard and Saidak [40] is even true in
the case of higher-order recurrence relations.

In this paper we consider the case r = s = 1, t = 2 and in this case we write V;, = W,,. A
generalized third order Jacobsthal sequence {V;, }n>0 = {Va(Vo, Vi, V2) }n>0 is defined by the third-
order recurrence relations

Vo=Va1+Vuo+2V,_3 (14)

with the initial values Vo = co, Vi = c1, Va = c2 not all being zero.

The sequence {V;, }n>0 can be extended to negative subscripts by defining
1 1 1
Von = _iv—(n—l) - EV—(n—2) + EV—(n—S)

for n =1,2,3,.... Therefore, recurrence (1.4) holds for all integer n.

(1.3) can be used to obtain Binet formula of generalized third order Jacobsthal numbers. Binet
formula of generalized third order Jacobsthal numbers can be given as

bia™ n bo 8™ + bay™
(@a=PB)a=7) B-a)B-7) (O-a)-H)

Vo =

where

=Vo— (B+v)Vi+ BV, ba = Vo — (a+v)Vi + ayVo, b = Vo — (a+ B)Vi + aBVo.  (1.5)

3

Here, o, 8 and ~are the roots of the cubic equation z®> — 2> — z — 2 = 0. Moreover

a = 2
1443

B = —
—1-iVv3

v =
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Note that
at+pB+y = 1,
aftay+py = -1,
afy = 2.

The first few generalized third order Jacobsthal numbers with positive subscript and negative
subscript are given in the following Table 1.

Table 1. A few generalized third order Jacobsthal numbers

n Va V_n

0 Vo

1 Wi Va—iVi— 3V

2 Va —iVa+3Vi— 1V

3 Vo +Vi+2Vo —sVe—sVi+ Vo

4 2Vo 4+ 3V1 4+ 2V) T7<3V2 — %Vl - %VO

5 5Va + 4V + 4V, —?%Vz + 3%‘/1 - ?%Vo

6 9V + 9V + 10V —Va—ZVi+ 2Vo

718V +19Vi + 18V 2o Ve — 5 Vi — 15 Vo
8 37Ve+36Vi+ 36V —abVet i2vi - BV,

Now we present four special case of the sequence {V,}. Third-order Jacobsthal sequence{.J,}»>0,
third-order Jacobsthal-Lucas sequence {j, }n>0, modified third-order Jacobsthal sequence { Ky }n>0
and third-order Jacobsthal Perrin sequence {Qn}n>0 are defined, respectively, by the third-order
recurrence relations

Jntsz = Jny2+ Int1 +2Jn, Jo=0,J1=1,Jo=1, (1.6)
Jn+3 = Jnt2 t Jnt1+ 20n, Jo=2,j1=1,j2=5 (1.7)

and
Kpis = Kpio+ Knp1 +2K,, Ko=3,K1=1,K; =3. (18)

The sequences {J, }n>0 and {jn }n>0 are defined in [25] and K}, >0 is given in [19]. In this paper
we introduce another third order sequence namely: third-order Jacobsthal Perrin sequence which
is given by the third order reccurence relations

Qn+3 = Qn+2 + QnJrl + 2Qn7 QO = 37 Ql = 07 Q2 =2. (19)

The sequences {Jn }n>0, {jn}n>0, {Kn}tn>0 and {Qn}n>0 can be extended to negative subscripts
by defining

1 1 1
J_, = —EJ_(R_I) — ij_(n_g) + EJ_(n_g) (110)
and 1 1 1
J-n = —5]7(7%1) — 5]—(7172) + 5]—(7173) (1.11)
and
1 1 1
Kfn - —§K_(n_1> - EK_(n_2> + EK_(n_;;) (112)
and
1 1 1
Q-n= 75@7(7171) - §Q7(n72) + 5@*(77,73) (1.13)

for n = 1,2,3,... respectively. Therefore, recurrences (1.10), (1.11) (1.12) and (1.13) hold for all
integer n.
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In the rest of the paper, for easy writing, we drop the superscripts and write Jn, jn,Kn and Qn for
I, 588 K and QYY) respectively.

Note that J,, is the sequence A077947 in [5] associated with the expansion of 1/(1—x —x* —2x%), j,
is the sequence A226308 in [5] and K, is the sequence A186575 in [5] associated with the expansion
of (14 2z +62%)/(1 —x — 2? — 22°) in powers of z. @, is not indexed in [5] yet.

Next, we present the first few values of the third-order Jacobsthal, third-order Jacobsthal-Lucas,
modified third-order Jacobsthal and Jacobsthal Perrin numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and
negative subscripts

n 1 2 3 4 5 6 7 8 9 10 11 12 13
T 1] 1 1 2 5 9 18 37 73 146 293 585 1170 2341

1 1 1 7 9 9 55 73 T3 439 585 585
Jn 0 z 2 -8 % 32 T84 % _er:_ﬁ _5r1_2 1024 _20:s _.fogoe
Jn 2 1 5 10 17 37 74 145 293 586 1169 2341 4682 9361

Fi 1 1 1 5 T . _ 41 55 55 __ 329 439 439
—n 3 2 E i6 32 64 128 356 512 1024
K, 3 1 3 10 15 31 66 127 255 514 1023 2047 4098 8191
Foe 1 _3 iz _ 15 31 129 _ 127 _ 255 1025 _ 1023 _ 2047 2193 _ 3191
—n 2 4 8 16 32 64 128 256 512 1024 2048 4096 3192
Qn 3 0 2 8 10 22 48 90 182 368 730 1462 2928 5850
1 _5 19 _ 13 45 147 __ 109 _ 365 1171 s77 _ 2025 9363 _ 7021

R_n 2 E) 8

|
o
(&
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=]
&
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a
=]
%)
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=]
2
|
1|
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'S
Q)
5]
o

8192

For all integers n, third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal and Jacobsthal
Perrin numbers(using initial conditions in (1.5)) can be expressed using Binet’s formulas as

g Oln-&-l Bn-}—l ,_yn-&-l
"Ta-Bla- B-aB- G-ah-5)

and

i = (2a% — o+ 2)a™ N (28° — B+2)8" N (272 — v+ 27"

" (a=B)(a—"7) (B=a)(B~-7) (y—a)(y—=B)"
and

K, =Oén+5n+’y",
and
Qn = (30 —3a—1)a" (387 =38—1)8" (3y*=3y—1)7"

" (a=B)(a=-1) (B=a)(B—7) (y—a)(v—5)

respectively.

2 Generating Functions

oo
Next, we give the ordinary generating function > V,z" of the sequence V,,.
n=0

OO
Lemma 1. Suppose that fv, (x) = > Vpa™ is the ordinary generating function of the generalized
n=0

third-order Jacobsthal sequence {Vy,}n>0. Then, >, Vaa™ is given by

n=0
N o Vot (Vi = Vo) + (Va— Vi — Vo)a?
Vax" = . 2.1
7;) * 1—x—x%—2z3 (2.1)



Polatl and Soykan; ARJOM, 17(2): 1-19, 2021; Article no. ARJOM.66022

Proof. Using the definition of generalized third-order Jacobsthal numbers, and substracting
3% Vaz™, 2° 300 Vaa™ and 22° Y 0% Viz™ from >.0° V2" we obtain

n=0
oo oo oo o0 o0
(1—a—a®—2z% E Voz" = E Voz" — x E Voa" — a” E Voa™ — 2z° E Voz"
n=0 n=0 n=0 n=0 n=0
oo oo oo oo
= E Vo, — E V,a"tt — E Voz"t? — 2 E Va3
n=0 n=0 n=0 n=0

oo

LT USSR T
n=0 n=1 n=2 n=3
= (Vo+Viz+ V2£E2) — (Voz + V1962) — Vo

+) (Vo= Vi = Viop — 2V, 3)a”

n=3
Vo + Viz 4 Vaz® — Vox — Viz® — Voo
Vo+ (Vi = Vo)z + (Vo — Vi — Vo)z?.
Rearranging above equation, we obtain
iv w Vot (Vi = Vo)o + (Vo — Vi — Vo)a?
n®t = .
1—2z— a2 —228

n=0

The previous Lemma gives the following results as particular examples.

Corollary 2. Generated functions of third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal
and Jacobsthal Perrin numbers are

o0
x
Jnxn:—
Zo 1—2—a2—223"
n=

and
TN
n:O]n T 1—xz— 22— 22%
and
> 3— 2z — 22
Kn "= )
Z * 1—2—22—223
n=0
> n 3— 3z — 22
Zan T l-x— 22— 223’
n=0
respectively.

3 Obtaining Binet Formula From Generating Function

We next find Binet formula of generalized third order Jacobsthal numbers {V,} by the use of
generating function for V;,.

Theorem 3. (Binet formula of generalized third order Jacobsthal numbers) For all integers n, we
have
dla” dzﬁn ds’yn

P P S e B Sl vy vy

(3.1)
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where
di = Vool +(Vi = Vo)a+ (Vo — Vi — Vo),
d2 = Vot +(Vi—Vo)B+ (Va—Vi—Wo),
ds = Vo’ + (Vi —Vo)y + (Va — Vi — Vo).
Proof. Let

h(z) =1—x —2® — 22°.
Then for some a, 8 and v we write
h(z) = (1 = ax)(1 = Bz)(1 — yz)

ie.,

1—z—2°—20° = (1 —ax)(1 - Bz)(1 —~z) (3.2)

Hence 1, %, ve % are the roots of h(x). This gives a, 8, and v as the roots of

This implies x* — 2% — 2 — 2 = 0. Now, by (2.1) and (3.2), it follows that

S o Vot (Vi = Vo)a+ (Vo — Vi — Vp)a?
nzzom - (1-az)(1=Bz)1—vyz)

Then we write

Vo+ (Vi = Vo) + (Vo — Vi — Vo)a? A As As
(1—on)1—p)1—nz)  (—az)  (1-pz)  (1-rz) (3.3)

So
Vot+ (Vi =Vo)x + (Vo= Vi = Vo)a® = A1 (1 — Bz)(1 —vz) + As(1 — ax) (1 — yz) + A3(1 — az)(1 — Bz).
If we consider z = 1, we get Vo + (Vi — Vo)L + (Vo — Vi — Vo) 5 = A1 (1 — £)(1 — 2). This gives
_ Mo+ (Vi—Vo)g + (Ve =Vi=Vo) i) _ Voo’ + (Vi = Vo)a+ (Vo = Vi — V)

o (a = B)(a—7) - (a = B)(a—7)

Similarly, we obtain

_ VoB2 4+ (Vi = Vo)B+ (Vo — Vi — V)
B=a)(B—")

Thus (3.3) can be written as

_ VEWQJF(Vl —Vo)v+ (Vo = Vi — Vo)

A (y—a)(y—8)

7A3

> Vo = Ai(1—az) "t + As(1 - Br) T+ Ag(1—ya)
n=0

This gives
Z Vo™ = Ay Z oz + Ag Z Brx" 4+ As Z yta" = Z(Ala" + A" + Azy™)z™.
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

Vi = A1a™ + A28™ + A"
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where

Voo + (Vi = Vo)a + (Vo — Vi — Vo)

A = ,
' (a=B)(a—7)
A, = V(A= Vo)B+ (Ve = Vi— Vo)
(B—a)(B—")
Ay~ V(A= Vo)y+ (V= Vi - V)
(v —a)(y—B)
and then we get (3.1).
Note that from (1.5) and (3.1) we have
Va— (B+NVi+BrVe = Voo + (Vi —Vo)a+ (Vo — Vi — Vo),
Vo—(a+MVi+ayVo = VoB*+ (Vi —Vo)B+ (Vo — Vi — Vo),
Vo—(a+B)Vi+aBVo = Voy’+ (Vi—Vo)y+ (Vo — Vi — Vo).

Next, using Theorem 3, we present the Binet formulas of third-order Jacobsthal, Jacobsthal-Lucas,
modified Jacobsthal and Jacobsthal Perrin sequences.

Corollary 4. For all integers n, Binet formulas of third-order Jacobsthal, Jacobsthal-Lucas, modified
Jacobsthal and Jacobsthal Perrin numbers sequences are

J B Ofn-',—l /Bn+1 ,yn-&-l
S P Py R By By erpy Ty

and

jo= @t —at2a” (28 -2 (29" — v+ 27"

" (a=B)(a—"7) (B=a)(B—-) (v—a)(y=5)’
and

Kn — a’ll +BTL +ry7l
and
Qn = (30 —3a —1)a" (382 -38-1)8" (37" =3y—1)y"

" (a=B)(a—1) (B—a)(B—") (y—a)(v—h)

respectively.

Matrix method which is given in [41] for Pell numbers can be adjusted to third order Jacobsthall
numbers. Take k = ¢ = 3 in Corollary 3.1 in [41]. Let

o> a1 ot a1
A = 52 /B 1 7A1_ ﬂn_l B 1 ’
¥ oy o1 oy
a2 o™t a2 a ot
Ay = g gt 1| L As g p gt
72 Fyn—l 1 72 v ,_yn—l

Then, for all integers n, the Binet formula for third-order Jacobsthal numbers is
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3
1
J. = det(A);J4,jdet(A X(Jgdet(Al)+J2det(/\2)+J1 det(As3))
1
= o (2det(Ay) + det(Az) + det(As))
o™t a1 o? o™t o> a ot o a1
= (2| 8" B 1|+|B> Bt 1|+ B B BT/ B B 1
oy 1 S A A v oy ! oy 1
n+1 n+1 n+1
_ o n B v

@-Ba-  B-aB-7 -0 -5

Similarly, for all integers n, we obtain the Binet formula for third-order Jacobsthal-Lucas, modified
third-order Jacobsthal and Jacobsthal Perrin numbers as

ju = %(j3 det(Ay) + ja det(As) + ji det(As))
ot a1 a? o™t o? a ot a? a1
— 10 ﬂn—l /B 1 +5 52 ﬁn 1 1 + 52 /B /Bn—l / /32 /B 1
oy ¥t ¥ oy ot ¥ oy 1
_ (2% —a+2)a" | (282 -B+2)8" (2 -y +2)"
(a@=B)(a—17) B—a)(B—7) (v—a)(y—B)
and
K, = K K3 det(A1) + Ko det(Az) + K1 det AS))
am vt a1 o o™t o? a ot a? a1
grt B 1| +3 B Bt 1|4+ B2 B B! /1 B> B 1
V"*l v 1 ¥oamt o S A L oyl
and
Qn = (Qsdet( 1) + Q2 det(A2) + Q1 det(As))
ot a1 a2 o™t a2 a1
:861B1+2525"1/5251
Ty 1 7oyt 7oyl
(e —3a—1)a" (382 =38—-1)F" (31" =3y—1)y"
(a=B)(a—7) B=a)(B—7) (v—a)(v—B)
respectively.

4 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F),}, namely,

Fop1Fpy — Fi = (—1)"
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as
well. This can be written in the form

Fn+1 Fn
Fn Fn—l

= (-1)".




Polatl and Soykan; ARJOM, 17(2): 1-19, 2021; Article no. ARJOM.66022

The following Theorem gives generalization of this result to the generalized third-order Jacobsthal
sequence {V, }n>0.

Theorem 5 (Simson Formula of Generalized Third-Order Pell Numbers). For all integers n, we
have

Vn+2 Vn+1 Vn V2 Vl VO
Vi1 Vi Vo1 | =2 V1 Vo Vo, |. (4.1)
V% v%—l v%—Q Lb VLI VLQ

Proof. (4.1) is given in Soykan [42].

The previous Theorem gives the following results as particular examples.

Corollary 6. For all integers n, Simson formula of third-order Jacobsthal, Jacobsthal-Lucas,
modified Jacobsthal, Jacobsthal Perrin numbers are given as

Jﬁ+2 Jﬁ+l Jﬁ
Jn+1 Jn Jn—l = _2n—17
Jn Jnfl Jn72

and
jn+2 jn+1 ]n
Jn+1 Jn Jn—1 | =—-9Xx 2n+1,
jn jn—l jn—2
and
Kn+2 Kn+1 Kn
Knpn Ko Koo |=-—147x 2772
K, Kn,.1 Kn-o
and
Qn+2 Qn+1 Qn
Qn+1 Qn  Qno1 | =-35x2"
Qn anl anz
respectively.

5 Some Identities

In this section, we obtain some identities of third order Jacobsthal, third order Jacobsthal-Lucas,
modified third order Jacobsthal and third order Jacobsthal Perrin numbers. First, we can give a
few basic relations between {J,} and {j.}.

Lemma 7. For all integers n, the following equalities are true:

Jn = Jnta—2Jniz + Jnte, (5.1)
Jn = —Jnis+2Jns2 + 2Jns1, (5.2)
Jn = Jni2+ Jny1 — 2Jn, (5.3)
Gn = 2Jpy1 — Jn+2Jn 1, (5.4)
G = JnA4de 1+ 4Ty o, (5.5)
and
48J, = 5jnia —11jnis + Bjnio, (5.6)
24Jn = —3jn+3 + Bjn+2 + Sjn+1, (5.7)
12Jn = Jn+2 + Jnt1 — 3dn, (5.8)
6Jn = Jnt1— jn+ Jn-1, (5.9)
3Jn = Jn-1+n-2, (5.10)

10
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Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
jn =a X Jn+4+b>< Jn+3+c>< Jn+2

and solving the system of equations

jo = a><J4—|—b><J3+c><J2
jl = axXJs+bxJys+cxJs
Jj2 = aX Jg+bx Js+cXJs

we find that a = 1,b = —2, ¢ = 1. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.
Secondly, we present a few basic relations between {J,} and {K,}.

Lemma 8. For all integers n, the following equalities are true:

8K, = 17Jpta —23Jn43 — 15J042,
4K, = —=3Jpnt3+ Jnt2+17Jny1,
2K, = —Jnt2+ T7Jnt1 —3Jn,
Kn = 3Jus1—2Jn — Jn_1,
K, = Jo+2Jn—1+6Jn—2
and
2940, = —Knia—15Knis+ 55K,
147J, = —8Knis+27Knio — Knia
1470, = 19Kni2 — 9Kni1 — 16Kn,
147J, = 10Kn41 + 3K, + 38K, 1.
147J, = 13K, + 48K, 1+ 20K, _».

Thirdly, we give a few basic relations between {j,} and {K,}.

Lemma 9. For all integers n, the following equalities are true:

49§, = 15Kn43 — 20Knio + 8Kni1,
495, = —b5Knio+23Kni1 4 30K,,
49j, = 18Kn41 + 25K, — 10K, _1,
and
48K, = 199n43 + 3Jn+2 — 61041,
24Kn, = 1ljn+y2 — 21jny1 + 1970,
12Kn = —5jn+41+ 15jn + 11jn-1.

Fourthly, we give a few basic relations between {j,} and {Qn}.

Lemma 10. For all integers n, the following equalities are true:

70j, = 4Qn+4 + 19Qn+3 - 26Qn+27
7Ojn = 23Qn+3 - 22Qn+2 + SQnJrlv
70jn = Qnt2+31Qnt1 +46Qn,
70jn = 32Qn+1 +47Qn +2Qn—1,
T0jn = T9Qn + 34Qn—1 + 64Qn—2,

11
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and
96Q, = —Tljnya+ 1215543 4+ 57jn+2,
48Qn = 25jn43 — Tin+2 — Tljny,
24Qn = 9jnt2 — 23jn+1 + 257,
12Qn = _7jn+1 + 17jn + 9jn—17
6Qr = 5jnt+in-1— Tin-2.

Fifthly, we give a few basic relations between {K,} and {Q»}

Lemma 11. For all integers n, the following equalities are true:

140K, = —33Qn+4 =+ 97Qn+3 — 13Qn+2,
T0K, = 32Qnis —23Qnis — 33Qni1,
70Kn = 9Qn+2 - Qn+l + 64Qn7
70Kn - 8Qn+l + 73Qn + 18Qn717
0K, = 81Qn 4 26@»,171 +4 16@»,172,
and
588Q, = —145K,44+ 471K 43 — 257K 42,
294Q, = 163K,4+3 — 201K, 42 — 145K,,41,

147Qn —19Kni2 4+ 9Kni1 + 163K,
147Qn = —10Kni1 + 144K, — 38K, _1,
147Qn 134K, — 48K, _1 — 20K, _o.

Sixthly, we give a few basic relations between {J,} and {Qn}

Lemma 12. For all integers n, the following equalities are true:

0Jn = Qnts—4Qn43 + 11Qn+2,
70Jn = —3Qn+3 +12Qn+42 + 2Qn+1,
70J, = 9Qn+2 — Qnt+1 —6Qn,
70J, = 8Qn+1+3Qn +18Qn_1,
700, = 11Qn +26Qn_1 + 16Qn 2,
and

8Qn = 19Jpss — 29Jnss — 13Jnss,
4Qn = —5Jnis +3Jnrz +19Tni1,
2Qn = —Jpy2+TIny1 —5Jn,

Qn = 3Juy1—3Jn —Jn-1,

Qn = 2Jh_1+6Jp 2.

6 Linear Sums

The following proposition presents some formulas of generalized third order Jacobsthal numbers
with positive subscripts.

12
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Proposition 13. Ifr =1,s = 1,t = 2 then for n > 0 we have the following formulas:
(@) YoV =3(Vars — Va1 — Va + Vo).

(b) Yo Ver = %(VQn-l»l +2Von — Vi + Wo).

() Yp_oVort1 = 5 (Vanta +2Vant1 — Vo + V1).

Proof. This is given in [43].

As special cases of above proposition, we have the following four Corollaries. First one presents some
summing formulas of third order Jacobsthal numbers. (take V;, = J, with Jo =0,J1 =1,J2 = 1).

Corollary 14. For n > 0 we have the following formulas:
(@) Xio k= 5(Jnts — Jns1 —1).

(b) Yh_oJ2k = 2 (Jang1 +2J2n — 1).

(c) Yp_oJ2kt1 = %(szuz + 2Jopn41).

Second one presents some summing formulas of third order Jacobsthal-Lucas numbers. (take V, =
Jgn with jo =2,j1 = 1,52 = 5).

Corollary 15. For n > 0 we have the following formulas:

(@) Yp_odr = 3(n+s = Jnt1 — 3).

(b) 3i_gdzk = 3(jant1 + 22n +1).

(€) Yheodzk+r = 5(j2nt2 + 22041 — 4).

Third one presents some summing formulas of modified third order Jacobsthal numbers. (take
V=K, with Ko = 37}(1 = 1,K2 :3)

Corollary 16. For n > 0 we have the following formulas:

(a) Yhoo Kk = 5(Knts — Kns1).

(b) ZZ:O Ko = %(K2n+1 + 2K, + 2).

(€) o Kaks1 = 5(Kani2 +2Kony1 — 2).

Fourth one presents some summing formulas of third order Jacobsthal Perrin numbers. (take
V. = Qn with Qo = 3,@1 = O,QQ = 2)

Corollary 17. For n > 0 we have the following formulas:

(a) ZZ:O Qr = %(QnJrB — Qnt1 +1).
(b) > ko Q2 = %(Q2n+l +2Q2n + 3).
(C) ZZ:O Q2k+1 = %(Q2n+2 + 2Q2n+1 — 2).

The following proposition presents some formulas of generalized third order Jacobsthal numbers
with negative subscripts.

Proposition 18. Ifr =1,s = 1,t = 2 then for n > 1 we have the following formulas:

(a) > Ver = %(_4‘/777,71 —3V_p_2 —2V_p_3+ Vo — Vo).
(b) Y Veok =2 (—Voans1 + Voon + Vi — V).
() Yp i Vioryr = % (=Vion —2V_ogp_1+ Vo — V7).

13
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Proof. This is given in [43].

Taking V,, = J,, with Jo =0, J; = 1, J2 = 1 in the last Proposition, we have the following Corollary
which gives linear sum formulas of third order Jacobsthal numbers.

Corollary 19. For n > 1, third order Jacobsthal numbers have the following properties.
(@) Yr o Jk=35(-4Jn1—3J pn2—2J n s+1).

(b) Yh i Jook = 3(—J-2ns1+ Jo2n +1).

(C) Z:Zl Jo2kt1 = %(*J—Qn - 2J—2n—1)-

From the last Proposition, we have the following Corollary which gives linear sum formulas of third
order Jacobsthal-Lucas numbers (take V, = j, with jo = 2,51 = 1,j2 = 5).

Corollary 20. Forn > 1, third order Jacobsthal-Lucas numbers have the following properties.
(@) Yrjrk=3(-4n1-3jn2—2jns+3).

(b) i 2k =3(—J2nt1+j2n—1).

() Sh_id-2kt1=3(—j-2n —2j 201 +4).

Third one presents some summing formulas of modified third order Jacobsthal numbers. (take
Vn = Kn with K() = 3,K1 = 1,K2 = 3).

Corollary 21. For n > 1, third order modified Jacobsthal numbers have the following properties
(@) Yr Kok =3(-4K_ n 1 —3K_n 2 —2K n_3).

(b) >r i K ok =3(—K ony1+ K 2, —2).

(c) >ho i Kooky1 = %(_K—Qn —2K_9p_1+2).

Fourth one presents some summing formulas of third order Jacobsthal Perrin numbers. (take

Vn = Qn Wlth QO = 3,Q1 = O,QQ = 2)
Corollary 22. Forn > 1, third order Jacobsthal Perrin numbers have the following properties

(@) Yr Qok=3(—4Q-n-1-3Q-n-2—-2Q n-3—1).
(b) Zzzl Q-2 = %(_Q72n+1 + Q—2n — 3).
() YpliQ-oki1=3(—Q 20 —2Q 201 +2).

7 Matrices related with Generalized Third-Order
Jacobsthal numbers

Matrix formulation of W,, can be given as

n

W42 r s t Wa
Wi+ = 1 0 0 Wi . (7.1)
W, 0 1 0 Wo

For matrix formulation (7.1), see [44]. In fact, Kalman give the formula in the following form

n

W, 0 1 0 Wo
Wh+1 = 0 0 1 W1
Wn+2 r s t Wa

14
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We define the square matrix A of order 3 as:
1 1 2
A=11 0 0
01 0

such that det A = 2. From (1.4) we have

Viio 11 2 Vit
Verr |=[ 1 0 0 Vi (7.2)
Vo 0 1 0 Vo1
and from (7.1) (or using (7.2) and induction) we have
Vito 1 1 2\"/ Vs
Vn+1 = 1 0 Vi
Vi, 010 Vo
If we take V = J in (7.2) we have
Jnso 11 2 Jni1
Josi | =1 0 0 T (7.3)
Jn 0 1 0 Jn—1

We also define
Jn+l Jn + 2Jn71 2Jn

Bn = Jn Jn—l =+ 2Jn_2 2Jn_1
Jnfl Jn72 + 2Jn73 2Jn72

and
Vn+1 Vn + 2Vn—1 2Vn
Cn = Vn anl + 2Vn72 2Vn71
anl Vn72 + 2Vn73 2Vn72

Theorem 23. For all integer m,n > 0, we have
(a) B, =A"

(b) C1A™ = A™Cy

(¢) Crym = CnBm = BnCh.

Proof.

(a) By expanding the vectors on the both sides of (7.3) to 3-colums and multiplying the obtained
on the right-hand side by A, we get

B, = AB, 1.
By induction argument, from the last equation, we obtain
B, =A""'By.

But B; = A. It follows that B, = A™.
(b) Using (a) and definition of C1, (b) follows.

15
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(c) We have

1 1 2 Vi Va1 +2Vh_o 2V,
Acnfl - 1 0 0 anl Vn72 + 2Vn73 2Vn72
0 1 0 Vn—2 Vn—3 + 2Vn—4 2Vn—3

Vn+1 Vn + Qanl 2Vn
= Vn Vn—l + 2Vn—2 2Vn—1 = Cn
anl Vn72 + 2Vn73 2Vn72

i.e. Cp = AC,_1. From the last equation, using induction we obtain C,, = A" 'C;. Now
Crpm =A"T"101 = A"TTA™CL = A" CLA™ = Co B,

and similarly
Cn+7n = B'mcn~

Some properties of matrix A™ can be given as
An _ An71 + An72 + 2An73

and
An+m — AnAm — AmAn

for all integer m and n.

Theorem 24. For m,n > 0 we have

Vn+m = VnJm+1 + 2Jm—1vn—1 + Jm (Vn—l + 2Vn—2) (74)

= Vidmt1 + (Vo1 +2Va—2)dm + 2Jm—1Va-1 (7.5)

Proof. From the equation Cy 4 = Cp B, = B C), we see that an element of C), 4., is the product
of row C,, and a column B,,. From the last equation we say that an element of C,,+, is the product

of a row (), and column B,,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices Cy4+m and Cy, By,. This completes the proof.

Remark 25. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all
integers m,n, (7.4) is true.

Corollary 26. For all integers m,n, we have

Tnim = Jndmir+ (Jno1 + 2Jn-2)Tm + 2Jm 101 (7.6)
Jntm = jnJm+1 + (jnfl + 2].7172)‘]771 + 2Jmfljn71 (7~7)
Kntm = Knpdmt1+ (Kn—1+2Kn—2)dm +2Jm-1Kn-1 (7.8)
Qn+m = QnJm+1 + (anl + Qang)Jm + 2Jmlen*1 (7'9)

8 Conclusion

In the literature, there have been so many studies of the sequences of numbers and the sequences
of numbers were widely used in many research areas, such as physics, engineering, architecture,
nature and art. We introduce the generalized third order jacobsthal sequence and we present
Binet’s formulas, generating functions, Simson formulas, the summation formulas, some identities
and matrices for these sequence.
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