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Abstract

In this paper, a more robust estimator of the Shannon entropy is applied in place of an earlier estimator, to
obtain an improved goodness-of-fit test to normality which is based on the Balakrishnan-Sanghvi measure of
divergence. The statistic is affine invariant and consistent against fixed alternatives. The critical values of the
new statistic and those of a competing statistic as well as their power comparisons are obtained through
extensive simulation study. The result of the power comparison showed that the statistic can be recommended
as a good test for normality especially at small samples and against symmetric alternative distributions.
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1 Introduction

Goodness-of-fit test to normality has attracted the attention of scores of researchers, both in statistical methods
and in applications. This is so because of the importance of the normal distribution in classical statistical
analysis, where most statistical techniques depend on the assumption of normality of datasets. This may also be
so due to the fact that most datasets approximate to normality especially at large sample sizes. As a result, there
are in existence more than 80 known statistical techniques for assessing the normality of datasets. These range
from suggestive procedures like the graphical approaches to pure statistical tests with known statistics.

Suppose a random variable X follows a normal distribution Fy with probability function fx, given by:

2
fX (X,y,az)z ! exp _;(Xy) ;—oo<X<oo,—oo<,u<oo,02>0 (1.2)
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where g and o’ are the parameters of the normal distribution, respectively known as the mean and variance

of the distribution. A good number of unique characterizations have been obtained in the literature for the
normal distribution in (1.1), such as, the characteristic function, the moment generating function, the entropy
measure, measures of symmetry and kurtosis, and the behavior of its various transforms, to mention but a few.
These unique characterizations have been employed extensively in developing goodness-of-fit statistics for
assessing normality of datasets. One such characterization that is of interest in the present work is the entropy
measure of the normal distribution.

Shannon [1] has obtained the entropy measure of a random variable X, with probability density function fX (x)
as:

Q0
H(fy) == fy (x)log{ f (x)} dx (1.2)
For the function in (1.1), the Shannon [1] measure in (1.2) has been obtained as:

H(fx ) =;+Iog {\/27[0'2} =;Iog {Zm:rze} (1.3)

Now, a good number of authors have considered the problem of estimation of (1.2) in general and (1.3) in
particular. Some of them include Vasicek [2], Dudewicz and van der Meulen [3], van Es [4], Ebrahimi et al. [5],
Correa [6], Wieczorkowski and Grzegorzewski [7], Pasha et al. [8], Noughabi and Arghami [9], Park and Shin
[10], Zamanzade and Arghami [11], Kohansal and Rezakhal [12], and Chaji and Zografos [13]. Most of these
estimators, which have been obtained mainly based on spacings, nearest neighbor, kernels and quantile density,
have been applied to goodness-of-fit tests to statistical distributions such as normal, beta, and exponential
distributions.

In what appears to be an extension of the entropy measure in (1.2) for determining divergence between two
statistical distributions, researchers have obtained entropy-based phi-divergence measure between two statistical
distributions, f and g, as:

Dq)(fx,gx)zjj:OCD ?;(gg {fx(x)}dx (1.4)

Notable among the phi divergence measures in the literature include the Kullback and Leibler [14] and the
Balakrishnan and Sanghvi [15], which are given as:
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respectively. Alizade Noughabi and Balakrishnan [16] have obtained consistent goodness-of-fit statistics for
testing for the normal, exponential, uniform, and Laplace distributions, respectively, based on the kernel density
of these phi-divergence measures. Also in what appears to be very interesting, Alizade Noughabi [17] obtained
an improved estimator of the Kullback and Leibler [14] divergence measure and used it to obtain a generic
statistic for testing for the continuous distributions.

Recently, Tavakoli et al. [18] and Tavakoli et al. [19] have employed these divergence measures in testing for
normality of datasets. They achieved this by taking g, (X) in (1.4) and (1.5) to be normally distributed, having

the pdf in (1.1) with x and o’ estimated from the dataset and taking f, (X) to have an unknown continuous

distribution whose entropy measure is estimated by the Vasicek [2] estimator such that the resultant statistic is
obtained as an integral of the appropriate phi-divergence measure. They showed that the statistics are both affine
invariant and consistent against fixed alternatives, which are desirable properties of a good goodness-of-fit
statistic. They also showed through empirical study that the statistics have relatively good power performances.

Now, it has been shown in the literature that Vasicek [2] estimator of the entropy measure of a distribution,
H( fX ), is not as good as some other newer estimators, see for instance, van Es [4]. As a result, it is expected

that a test for normality that is based on the Vasicek [2] estimator will not be as good as that is based on an
improved estimator. This therefore is the essence of this work. The rest of the paper is organized as follows: the
statistic is developed in section two while its empirical critical values are obtained in section three. Section four
gives the empirical power comparison of the statistic with other competing statistics while the paper is
concluded in section five.

2 The Statistic

Vasicek [2] showed that the entropy measure of a certain distribution as given in (1.2) can be rewritten as:
h d
H(fy) = [log—F"(p) tdp (2.1)
0 dp

where p € (0,1) is such that the inverse distribution function, F~*(p) = X for a strictly continuous X. By

replacing F in (2.1) with F, and using the difference operator in place of the differential operator, Vasicek [2]
obtained an estimator of (1.2) as:

1S n
Ho, :ﬁglog{ﬁ(xum _Xu—m))} (2.2)

. . . . n .
where Xy =X forj<1and Xy = X for j > n, and m is an integer such that m < E Now, Tavakoli

et al. [18] employed the Vasicek [2] estimator in (2.2) to obtain a statistic for testing normality in what follows.

From the Balakrishnan and Sanghvi [15] divergence measure, given in (1.5), it is obvious that
D.s (f, .9, ) =0 Where equality holds if and only if f_(x)=g, (x) . Suppose g, (x) is a normal
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distribution with parameters 4 and o’ , which are estimated by ﬂ:nflzﬁ X and
J=

6% = n-lz';zl(x — f1)? respectively, such that g, (X) is approximated by:

. 1 1(x—f)°
X) = eXP{ — =5} —0O < X< 2.3
gx( ) 27[&2 p{ 2 62 o0 0 (2.3)

By substituting (2.3) for g, (X) in (1.5), Tavakoli et al. [18] obtained:

o 1, (x)—(]/«/Z;ré-z)exp{—(x—;})z/Z(%z} 2
DBs(fx’gx)z.[

= £ 00 +(UN2767 Jexp{-(x— 27 267}

f, (x)dx (2.4)

and by taking f, (x) to have an unknown continuous distribution whose entropy measure is estimated by
Vasicek [2] in (2.2) through the transformation in (2.1), they obtained

2

dF(p))" _ o
D..(f,,9 )=j‘ [dpj _(]/\/%)em{_(x-ﬂ) [26%}
0 (dF_l(p)j +(]/W)exp{_(x_ﬁ)z/26_g}

dp (2.5)
dp

which by replacing F by F, and employing (2.2) gave rise to a statistic for testing the null distribution of the
normality of £ _(x), given by:

2

M (Y225 Jexp-(x- )7 267)
T(89) :12“: N(X(gem = Xm) (2.6)

n = 2m +(]/m)exp{_(X—la)2/26'2}

(X (s = X(1m)

The statistic rejects the null distribution of normality for large values of the T(BS)mn since it is expected to
tend to zero if £_(x) isnormal.

Now, van Es [4], Ebrahimi et al. [5], and Noughabi and Arghami [9] have all obtained estimators of the
Shannon [1] entropy which are improvements on the Vasicek [2] estimator. More recently, Al-Omari [20]
obtained yet another improved estimator of (2.2), which is shown to have least absolute bias and smallest root
mean square error (RMSE). It is given by:

13 n
HA :ﬁglog{q_m(xmm) _Xu—m))} 2.7)
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1+3;1<j<m,
where C; =42,  m+1< j<n-m,
1+3;n—-m+1< j<n,

Xijm = Xg for j<m, X,

improved statistic for testing the normality of a dataset is obtained in this paper, based on the Al-Omari [20]
entropy estimator, as:

jemy = Xy for J<Nn—m and m has its usual meaning. As a result, an

2
il —(wzn&z)exp{—(x— 27 /26%)
TBSI,, == (X =X 2:8)

[ oy ¢jm +(]/\/ﬁ)e>(p{—(x_:&)z/26_2}

(X (gm = Xgom)

where C; is as given in (2.7). It is obvious, from Tavakoli et al. [18], that the test is both affine invariant and

consistent against fixed alternatives. The test rejects the null distribution of normality of datasets for large values
of the statistic.

3 Empirical Critical VValues of the Test

Since the exact null distribution of the TBSI,,, is not known as it is not the interest in this work, the empirical
critical values of the statistic shall be obtained in this section. They are computed for different sample sizes, n,
through extensive simulation study. Precisely, the critical values at the level of significance, a = 0.05 for n = 5,
6, 7, 8,9, 10 (5) 100 are evaluated. N = 100,000 samples were generated from a standard normal distribution
and the N values of the TBSI,,, statistic are obtained from each generated set of N samples under each specified
n and m. The a-level critical value of the test for each n and m is then obtained as the 100(1—a) percentile of the
N values. In order to carry out this, an appropriate window size, m, for each sample size is needed to avoid a too
lengthy computation for all the possible m. Wieczorkowski and Grzegorzewski [7] have obtained it as

m :[,\/ﬁ+o_5], where [y] is the integer part of y. This measure has however been criticized. This led

Tavakoli et al. [18] to obtain appropriate m for each range of values. Since this work is similar but a mere
improvement to their work, their method of determining appropriate m is adopted in this paper. The percentile
values are presented in Table 1. It is important to note that no effort is made to obtain the critical values of the
statistic for all the sample sizes n which may be encountered in real-life applications as such will definitely be
an effort in futility. This is because it will be practicably impossible to have all of them computed and listed. As
a result, the percentile values presented in Table 1 may be regarded appropriate for demonstration purposes,
especially for power comparisons in section four.

Table 1. Empirical critical values of the T(BS) and the TBSI statistics

n T(BS) TBSI

5 0.2462 0.1934
6 0.2422 0.2018
7 0.2381 0.2002
8 0.2301 0.1950
9 0.2205 0.1878
10 0.1888 0.1548
15 0.1575 0.1332
20 0.1311 0.1097
25 0.1145 0.0995
30 0.1151 0.0997
35 0.1037 0.0925
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n T(BS) TBSI

40 0.0947 0.0863
45 0.0876 0.0815
50 0.0999 0.0925
55 0.0931 0.0879
60 0.0873 0.0837
65 0.0825 0.0801
70 0.0783 0.0769
75 0.0748 0.0739
80 0.0905 0.0894
85 0.0865 0.0861
90 0.0828 0.0834
95 0.0795 0.0807
100 0.0766 0.0781

4 Empirical Power Comparison

The power of a test is the ability of the test to take the right decision of rejecting a wrong null hypothesis. It is
therefore expected that a statistic for assessing goodness-of-fit for normality will reject a null hypothesis of the
normality of a dataset which is not drawn from a normal distribution. In this section, we shall investigate the
relative ability of two statistics to reject normality when the true distribution is non-normal. The statistics are the
T(BS) of Tavakoli et al. [18] and the TBSI, proposed in this paper. In order to carry out the power comparison
objective of this section, seven different distributions are considered. We simulated 10,000 samples of each of
the seven distributions at sample sizes n = 5, 10, 25, 50 and 100. For each simulated sample under each sample
size, we calculated the values of the two competing statistics, giving rise to 10,000 values for each statistic, and
estimated the power of each of the statistics as the percentage of the 10,000 samples that is rejected by the
statistic at & = 0.05.

Three of the seven distributions considered are symmetric while the remaining four distributions are
skewed. They include the standard normal, Laplace, and student’s t as the symmetric distributions. Others
are the exponential, Weibull, lognormal and the beta as skewed distributions. The results are presented in
Table 2.

Table 2. Empirical powers of T(BS) and TBSI statistics with higher power values in bold, & =0.05

Distribution n T(BS) TBSI
Normal (0, 1) 5 4.8 4.9
10 5.4 4.9
25 5.0 4.9
50 4.9 5.2
100 5.0 4.8
Laplace (0, 1) 5 9.0 9.0
10 9.7 12.9
25 234 38.7
50 27.1 64.7
100 80.5 90.6
t(2) 5 13.9 14.1
10 22.6 26.6
25 54.3 67.0
50 71.7 91.0
100 98.3 99.6
Exponential (1) 5 17.7 17.9
10 49.9 49.4
25 95.1 92.9
50 100.0 99.6
100 100.0 100.0
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Distribution n T(BS) TBSI
Weibull (1, 2) 5 17.6 18.1
10 49.8 50.0
25 95.2 92.9
50 100.0 99.6
100 100.0 100.0
Lognormal (0, 1) 5 24.9 25.4
10 63.4 64.4
25 98.1 97.9
50 100.0 100.0
100 100.0 100.0
Beta (1, 5) 5 12.1 12.5
10 33.2 33.6
25 85.6 77.8
50 99.5 95.4
100 100.0 99.8

From Table 2, the two statistics have averagely the same power performance of 5% under the standard normal
distribution. The null distribution in this case is the normal distribution, as such, the power performance should
equal the level of significance, & =5%. This is attained by the two competing statistics and as a result, they are
said to have good control over type-one-error. Under the remaining two symmetric alternative distributions of
Laplace (Laplace (0, 1)) and student’s t (t (2)), it is clear that the new proposed statistic is more powerful than its
counterpart in almost all the sample sizes considered. Under the four skewed alternative distributions considered
however, the new proposed statistic appeared to be more powerful than the T(BS) statistic at small sample sizes
while it is either at par or less powerful than the T(BS) statistic at large sample sizes. This by extension could
suggest that the Vasicek [2] estimator of the Shannon entropy approaches the Al-Omari [20] estimator at large
sample sizes under skewed distributions.

5 Conclusion

In this paper, we have developed an alternative version of the Tavakoli et al. [18] statistic for assessing the
normality of datasets. The affine invariance and consistency of the statistic are drawn from the Tavakoli et al.
[18] statistic. The power performance of the test shows that is has a very good control over type-one-error and

that it has relative good power performance, especially under symmetric alternative distributions. As a result, it
can be regarded as a good statistic for testing normality of datasets.
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