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Most of the papers have explored the interactions between solitons with a zero background, while reports about exact solutions for
nonzero background are rare. Hence, this paper is aimed at exploring the breather, lump, and interaction solutions with a small
perturbation to (2 + 1)-dimensional generalized Kadomtsev-Petviashvili (gKP) equation. General high-order periodic breather
solutions are obtained using Hirota’s bilinear method with a small perturbation. At the same time, combining the use of long
wave limit methods and module resonance constraints, general lump solutions and mixed solutions to gKP equation are
generated. Finally, the space-time structures of the breather solutions, lump solutions, and interaction solutions are investigated

and discussed.

1. Introduction

The soliton, also known as a solitary wave, is a special
form of ultrashort pulse, or a pulse-like traveling wave
whose shape, amplitude, and velocity remain constant
during its propagation [1]. So far, soliton phenomena
have been discovered in many subject areas, for example,
laser self-focusing in media, acoustic and electromagnetic
waves in plasma, motion of domain walls in liquid crys-
tals, vortex in fluid, dislocation of crystals, magnetic flux
in superconductors, and signal transmission in the ner-
vous system [2-4].

In mathematics, the progress of soliton theory is
embodied in the discovery of a large number of nonlinear
partial differential equations with soliton solutions [5, 6]
and has gradually established a more systematic mathe-
matical and physical partial differential equations and the
theory of soliton [7, 8]. In order to solve these nonlinear
mathematical physical equations, scholars working in the
field of solitons have developed a series of solution
methods, such as the inverse scattering method [8], Hirota
bilinear method [7], numerical method, and symbolic cal-
culations [9].

In this paper, we consider the (2 + 1)-dimensional gen-
eralized Kadomtsev-Petviashvili equation [10] as follows:

(4, +cuu, +bug ) + %Ouyy=0, (1)

where u=u(x,y,t) denotes a scalar function of the space
variables x,y and time variable t, the parameters ¢ is the
nonlinear term coefficient, b is the dispersion coefficient
along the x-axis, ¢, is the velocity of the linear wave, and
¢o/2 is the dispersion coefficient along the y-axis.

When ¢=6, b=1, and ¢,/2 = -1, Equation (1) is reduced
to the KPI equation:

woxx — Uyy = 0. (2)

Uy +6(uuy) +u

And the exact solutions with a zero background includ-
ing N-soliton solution and lump solution to the standard
Kadomtsev-Petviashvili equation has been studied systema-
tically in Refs. [7, 11, 12]. In recent years, the research on
the lump solution of Equation (3) has been very hot, mainly
focusing on the normal scattering of lump waves [13],
anomalous scattering between lump waves [14-18], and
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bound states of lump waves [19]. The reports on anomalous
scattering focus on the diversity of scattering patterns, such
as triangular patterns, and polygonal patterns [17]. At the
same time, the resonance phenomenon between lump
chains (we called breather waves in this paper) and lump
waves has been fully studied [20-23].

When ¢=6, b=1, and ¢;/2 = 1, Equation (1) is reduced
to the KPII equation:

o + Uy = 0. (3)

Uy +6(uuy) +u

This equation can be used to describe some nonlinear
phenomena in shallow water [24]. For the KP2 system,
Kodama has made a very outstanding contribution in the
field about the resonance phenomena between line
waves [25].

Considering that the above-described solutions are all
obtained on the zero background, the solutions with a non-
zero background in the actual system are more general and
can describe the objective world more accurately. In this
paper, applying Hirota’s bilinear method with a perturbation
parameter u, to Equation (1), we obtain periodic breather
wave solutions. Meanwhile, we generate lump and interac-
tion solutions with a nonzero background to Equation (1)
from solitons by taking long wave limits [12]. The arrange-
ment of this paper is organized as follows: in Section 2,
under the variable transformation, we construct bilinear for-
malism with a perturbation parameter. In Section 3, we
mainly investigate general higher-order breather and lump
solutions of Equation (1). In Section 4, we describe how to
obtain mixed solutions and interaction solutions.

2. Bilinear Formalism with a
Perturbation Parameter

Under the variable transformation,

u(x, y,t) =ug + ch(ln e (4)

where f(x,y,t) is a complex function and u, is a free real
number.

Substituting Equation (4) into Equation (1), then Equa-
tion (1) becomes the following equation:

(In f) . +cu(In f)__+12b(In f)_(In f)__
+b(In f)__+ %O(ln Py =0.

(5)

When Equation (5) integrates once with respect to x, we can
obtain the following equation:

(In f),, +cug(In £ +6b(In f)2, +b(ln f) o+ % (In f),, =0,

(6)

The bilinear form of Equation (1) with a small perturba-
tion parameter u, is generated as
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(DxD, + cugD? + bD* + ?ODj)f-fzo. (7)

The operator D is the Hirota’s bilinear differential oper-
ator defined by

mn_a_ama_an [
Dxsz‘9—<a W) (a F)f(x,y,t)g(x,y,t)

x'=xt'=t

(8)

3. General Higher-Order Breather and
Lump Solutions

In this section, we mainly investigate general high-order
breather and lump solutions of Equation (1).

3.1. First-Order Breather and Lump Solutions. We first
assume f in Equation (4) as the following formal form to
derive first-order breather solutions in Equation (1):

f:1+8f1+82f2> 9)
with
fl =eh + 6’72’
10
f2 = e’71+’72+A12’ ( )
where

Ho=wit+kx+py+¢,s=1,2, (11)

and w,, k,, p,, and ¢, are freely complex parameters.
Substituting f defined in Equation (9) into Equation (7)
and collecting the power order of ¢, one can obtain the fol-
lowing equations at the ascending power order of &:

0. 2 4., %y _
& (Dth+cuODx+be+ 5@)(1.1)_0,

C,

e (DXD,+cu0D§+bD§+ E"Dj)(bf1 +f,-1)=0,
C,

e (Dth +cuyD; +bD; + ng)(l ftfifitf1)=0,

(12)

namely,

C,
flxt + CuOflxx + bflxxxx + Eoflyy = Oa (13)

Cu0 (flxxfl _ffx +f2xx) + b(flxxxxfl - 4f1xxxf1x + 3f§xx +f2xxxx)

+ fraf1 ~ fiefie + foe = 0-
(14)

Substituting functions f; and f, defined in Equation (10)
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F1GURE 1: Two types of breather solutions in Equation (1) with parameters ¢, =1, b=-1, k=1, p=2, and ¢, =0 at £ = 0. (a) Bright-type
breather with 1, =2 and c¢=-1. (b) Dark-type breather with u, =-2 and c=1.

into Equation (13) and Equation (14), we have

(2bk? + 2ckiuy + cop} + 2k w; ) €M + (2bK; + 2ckuq + cop; + 2kyw,) € =0,
(15)
and

(2 (wy —wy) (ky — ky) + 2cug(ky — ky)* +2b(ky = ky)* + ¢o(py = p,)°] €M
+[2(ky +ky) (wy +w,) + 2 cug(ky +K,)7 +2b(ky +ky)* + co(py +p,)*] e e = 0.

(16)

By solving Equations (15) and (16), we can obtain the
following formulas:

A= 2 (ky - kz)4b+ 2uy(ky - ky)?c+ (P, _Pz)zco +2 (w; —w,)(k; — ky) )
2 (ky + k) b+ 2ug (kg +ky) e+ (py +py) ¢ +2 (wy +w,) (kg +ky)

(17)
(18)

Under the constraints of Equations (17) and (18), when
e=1, f can be written as

2bk;1 + 2ckf + copf +2kw,=0,s=1,2.

f =1+eh +emh + e’l1+’72+A12’ (19)
which corresponds to the two-soliton solution of Equation
(1). To guarantee the corresponding breather solutions being
real functions, there are two restrictions for a valid calcula-
tion: (1) #, =1,, so 1, and #, are conjugates of each other.
(2) Parameters k, w,, p,, s = 1,2 must satisfy the constraint
of Equation (18).

In particular, the following parameter constrains may be
used to facilitate the calculation:

ky=—k,=i-k
pi=p,=p (20)
¢1 = ‘l52 = ‘/50’

where k, p, and ¢, are freely real parameters. Then, we can

obtain #, =17,, and the function f in Equation (19) can be
rewritten as

f=H(y) [\/M cosh (0) + cos (wt + kx) |, (21)

where

H(y) =2 ePYﬂbo’

2bk* - 2 cuy k* + ¢, p?
w=

2k ’
22
0=py+¢,+1In (\/M), 22)
M:—76bk4_260p2.
GpP

The first-order breather solutions in Equation (1) in the
(x,y)-plane are shown in Figure 1. It is seen that there are dark-
type and bright-type breather solutions in Equation (1).

To generate rational solution, we take a long wave limit
with the provision in Equation (19).

ps :Pss’
k,=K, e e~ 0,
(23)
el =1,
s=1,2.

Then, the expansions of f in Equation (19) are given as
follows:

f=(0,0,+a,,)e + 0(82), (24)
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FIGURE 2: Two types of lump solutions in Equation (1) with parameter ¢;=1,b=-1,K,; =1-i,K,=1+i, P, =-2,and P, =-2att=0. (a)
Bright-type lump solution with u, =1 and ¢ =—1. (b) Dark-type lump solution with u,=-1 and c=1.

where

PSZCO
0, =—-K,cuyt - T t+Kx+Py,s=1,2,

==

S
24bK°K,?
co(KiPy — szl)z

(25)

ap =

In order to get rational solutions in Equation (1), divide
both sides of Equation (24) bye?, and then, attempt to com-
pute the limiting value aseapproaches0. For convenience, let
us still call the limit that we just obtained f. Then, the f is
given as follows:

f=0,0,+a,. (26)

To guarantee the corresponding rational solutions being
lump solutions, where K; = K, and P, = P,, then u in Equa-
tion (4) can be written as

_120[6%((210x)0,)* + 63((9/0x)6, ) — 2a,,((9/0x)6,) ((0/2x)6, )]

u=u,
‘ (6,0, + “12)2

(27)

This lump solution u in Equation (27) possesses three
critical points:

A= 2cK,Kyuy = P Pycy , (K P, +K,P)cyt
! 2K,K, ’ 2K,K, ’

A [ Cot(KiPy = KoPy) (2K Kytig = Py Pacy) + 12 V2K 2K,2\ /b (K\P, +K,P)cy t
2 2¢(K,P, - K,P))K K, ’ 2K,K, ’

Ao ot (KyPy = K, P ) (2K Ky — Py Pycy) — 12 V2K 2K, 2\ /eob (K P, + K, Py )eot
? 2¢y(K,P, — K,P))K|K, ’ 2K,K, ’

(28)

which are derived by solving 1, = 0 and u, = 0. Based on the

analysis of these critical points at the second-order deriva-
tives in

UnUyy = (uxy)z, (29)

to determine whether the aforementioned critical points are
local maximum points or local minimum points.

In order to describe the properties of lump solutions
more clearly and facilitate discussion, let us set b = —1. Then,
the lump solution can be classified into two patterns:

(a) Bright lump. u, >0, ¢ < 0: u has one local maximum
(point A;) and two minimum points (points A,
and A;) (see Figure 2(a))

(b) Dark lump. uy <0, c¢>0: u has two local maximum
(points A, and A;) and one minimum point (point
A,) (see Figure 2(b))

Two different patterns of lump solutions, namely,
bright-type and dark-type lump solutions, are shown in
Figure 2.

3.2. Second-Order Breather and Lump Solutions. In order to
obtain the general high-order breather solutions and lump
solutions in Equation (1), we assume that the auxiliary func-
tion f in Equation (7) has higher-order expansions in terms
of &

f=1+ef, +&f,++e'f,. (30)

Again, substituting Equation (30) into bilinear Equation
(7) and then collecting the coeflicient of ¢, 21 + 1 equations
would be yielded corresponding to different orders of .
Maybe it is tedious and troublesome to solve these 2n + 1
equations. According to the work of Hirota, Kaur and Waz-
waz, and Singh et al,, [7, 26, 27], we calculate and verify that
f has the following form:

f=) exp (ZM;P%A;# Zuﬂj), (31)
j=1

u=0,1 Jj<s

where the sum of y is the sum over all the possibilities of
w=0,1,(j=1,2).
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FI1GURE 3: Two types of second-order breather solutions in Equation (1) with parameters ¢, =1, b=-1, k; =-1/2, k, = i/2, p, =-1,p, = -1,
ky=-3/5i, ky=3/5i, py=-1,p,=-1, ¢, =0, ¢, =0, ¢; =0, and ¢, =0 at t = 0. (a) Bright-type breather with u, =1 and c=-1. (b) Dark-

type breather with u;=-1 and c=1.

The above coefficients and parameters are given explic-
itly as follows:
1= ij twt+py+ ¢j,
26k~ k) + 2w (k)" + o —ps)z +2 (- w,) (k- k)

2b(k;+ ks)4 +2cug (k; +ks)2 + co(pj+ps)2 +2 (w; +w,) (k; + k) ’

eftis = —

(32)
2bk,* +2 ek uy + cop > + 2 kaw, =0. (33)

In order to obtain the second-order breather solutions in
Equation (1) and for a valid calculation, there are also some
restrictions as the first-order breather solution: (1) #, =#,,
and 7, =14, so #; and #, and 5yand #, are conjugates of each
other; (2) k,, w,, and p, have to satisty the constraint of
Equation (33); and (3) N =4 in Equation (31). Then, the
evolution of second-breather solutions in Equation (1) are
shown in the Figure 3.

The way to get second-order lump solutions is roughly
the same as the way to get first-order lump solutions. We
take N=4 and exp (¢,) =-1,s=1,2,3,4 in Equation (31)
and take a long wave limit with the provision in Equation
(31) and eliminate the o(e*). Then, f is given as follows:

F=110+ 2 o] 10+ 2. I T o (34)
J

j<s k#js J<s
with

o - (-2 K cuy = Pl¢y)t
S 2K,

24bK7 K
= J =
co(K;Ps — K,P;)

+Kx+Py,
i

where j=1,2,3,4,5=1,2,3,4,and j<s, Kj, Pj are complex
parameters. To guarantee the corresponding rational solu-

tions being lump solutions, there is a restriction for a valid
calculation: K, =K,, K; =K,, P, =P,, and P; = P,.

Since there are too many parameters involved, in order
to directly describe the properties of the second-order lump
solutions, it is advisable to assign values to the following
parameters: b=-1, ¢, =1, K, =-2-1i, K,=-2+1i, P, =2,
P,=2, Ky=-2+i, K,=-2—i, P,=-2, and P,=-2. If
using parametersy, = landc=—1, then we obtain thef
which can lead to bright-type lump solutions in Equation
(1); if using parametersy, = —landc=1, then we can get
dark-type lump solutions. After calculation, it can be found
that f corresponding to bright-type lump solutions is the
same as f corresponding to dark-type lump solutions. Then,
f in Equation (34) can be written as

289+ L 1292 £'x L 2294 t2x* , o4 t2y?
- 25 25 25 25
+76 ¢ — 16 txy” +25x* — 24 x*y* + 16 y*
70341 > 3207tx 47257 , 2480625
+ + + +1791y"+ ——.
100 2 4 64
(36)

f

According to Equation (4), the bright-type lump is
explicitly as follows:

u=1+12(In f)_, (37)
and the dark-type lump is explicitly as follows:
u=-1-12(In f)_, (38)

where f is Equation (36). The second-order lump solutions
in Equation (1) in the (x,y)-plane are shown in the Figure 4.

3.3. Higher-Order Breather and Lump Solutions. The similar
procedures described previously could be generalized to
the higher-order breather and lump solutions. To guaran-
tee the nth-order breather solutions being real functions,
there are two restrictions for a valid calculation: (1) take

My =Ny M3 =Ny My, =1, in  Equation (31). (2)
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FIGURE 4: Two types of second-order lump solutions in Equation (1) with parameters b=-1,¢,=1,K, =-2-i, K, =-2+i, P, =2, P, =2,
Ky=-2+1i, K,=-2-1i, Py=-2,and P, =-2 at t = 0. (a) Bright-type lump with u;, =1 and ¢=-1. (b) Dark-type lump with u, =-1 and

c=1.

Parameters k,, p, and w, must satisfy the constrain of
Equation (33). Then, we obtain the nth-order breather
solutions in Equation (1).

For example, if we want to obtain the third-order
breather solutions, according to the description in the previ-
ous paragraph, we will take #, =1,, #, =1,, and 5 =7 in
Equation (31). In order to describe the properties of the
third-breather solution more clearly and facilitate the cal-
culation, the parameters can be assigned as follows: ¢, =
L, b=-1, ky=—i, ky=i, p, =2, p, =2, ky =i, ky=—i, py =
714, py=-T714, ks =i, kg = —i, ps=-3/2, ps=-3/2, ¢, =0,
and s=1,2,3,4,5,6. If using parameters u,=1 and c=-
1, then we can derive bright-type breather solutions; if
using parameters u,=-1 and c¢=1, we can derive dark-
type breather solutions. Under the conditions of these
parameters, bright-type breather solutions and dark-type
breather solutions have the same f. The third-breather
solutions in Equation (1) in the (x,y)-plane are shown in
the Figure 5.

The process of obtaining nth-order lump solutions is
roughly similar to that of obtaining first-order lump solutions
and second-order lump solutions. In order to obtain nth-order
lump solutions, we take N =2# in Equation (31). Then, we
take a long wave limit with the provision in Equation (31):

ps:Pse’
k,=Ke,e—0,
(39)
ef =1,
s=1,2---N.

And just like we did with Equations (24) and (26), we get
rid of the higher-order terms of 0(¢V), and then, we get a poly-
nomial f. General higher-order rational solutions in Equation
(1) can be presented in the following forms:

w=u, + %b (In fy)o (40)

where
N NN 1 N M N
fy= HGS + Ezajs H9P+~-+W Z Ay Ay H 0,4,
s=1 5 PEjs ° Ls---m,n q#lLs---mn
(41)
with

o - (-2 K cuy - Plcy)t
s 2K

N

+Kx+ Py,

(42)
24bK K

a=—" .
"o (KP - K P

To guarantee the corresponding rational solutions being
lump solutions, there are some restrictions for a valid calcula-
tion: K, =K,,K;=K,,-*K,,_, =K,, and P, =P,,P,=P,,
Py =Py

For example, if we want to get third-lump solutions, we
have to set N equal to 6 in Equation (41). In order to
describe the properties of third-lump solution more clearly,
we assign the following values to the following parameters:
=1 b=-1, K;=3i, K,=-3i, P,=1, P,=1, K;=21i,
K,=-2i, P,=-2, P,=-2, K;=3i, K,=-3i, P;=2, and
P.=2. And if using u,=1 and c¢=-1, then we obtain
bright-type lump solutions; if using u, =—1 and ¢ =1, then
we obtain dark-type lump solutions. Under the parameter
constraints above, two types of lump solutions have the
same f, as shown below:

(92 +12tx+ 4x? +4y%) (121 £ + 198 tx + 81 57 + 367 (361 £2 + 684 tx + 324 x7 + 36 )
B 324

4996352617t 222120217 £x 88451544 27 | 20530731 46738512t
5400 75 25 15 25
R 5841228 txy* . 9216018 x* . 2409264x%y°  828282y" , 196632775107 I
25 25 25 25 1250
| 154136915604 x| 60286704219x°  16102685466)° 1976312557827
625 625 625 1250
(43)

And then from Equation (40), we can get two types of
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FIGURE 5: Two types of breather solutions in Equation (1) with parameters ¢, =1, b=-1, k; =—i, k, =i, p; =2, p, =2, ky =i, k, =i,
Py =714, p, =714, ks =i, kg =i, p; =—=3/2, p¢=-3/2, ¢, =0, and s=1,2,3,4,5,6 at t =0. (a) Bright-type breather solution with u, =1

and ¢ = —1. (b) Dark-type breather solution with u,=-1 and c=1.

FIGURE 6: Two types of third-lump solution in Equation (1) at ¢ = 0. (a) Bright-type lump with #; =1 and ¢ = —1. (b) Dark-type lump with

uy=—land c=1.

lump solutions. The third-lump solutions in Equation (1)
in the (x,y)-plane are shown in Figure 6.

In addition, interaction solutions between breather
solutions and lump solutions also can be obtained from
solitons by taking long wave limits. If using N =6, p, =
Pie, p,=Pye, ky=K,¢, k, =K,¢, P, =P,, K, =K,, ¢, =im,
¢, =im, ny=1, and 7 =#, in Equation (31), then we
can obtain interactions between a lump and two breathers
after taking a long wave limit. In order to better describe
the structure of interactions, we assign the parameters as
follows: ¢, =1, b=-1, K, =4i, K, =-4i, P, =10, P, =10,
ky=1i, ky=—i, py=-5/3, p, =-5/3, ks =i, kg =—i, p; =11/
6, pg=11/6, ¢, =im, ¢, =im, ¢;=0, ¢, =0, ¢5=0, and ¢
=0. If using u,=1 and c=-1, then we get the bright-
type interactions; if using u,=-1 and c¢=1, then we can
obtain dark-type interactions. Two types of interactions
between a lump and two breathers in Equation (1) in
the (x,y)-plane are shown in Figure 7.

The idea and process of obtaining interactions between
two lumps and a breather are roughly the same as that of

obtaining interaction between a lump and two breathers. If
using N=6, p.=P¢, k,=Ke, ¢, =im, s=1,2,3,4, sz—1 =
Py, Ky =K, j=1,2, and #, =1, in Equation (31), then
we can obtain interactions between two lumps and a
breather after taking a long wave limit. In order to better
describe the structure of interactions between a breather
and two lumps in Equation (1), we assign the parameters
as follows: ¢, =1, b=-1, K, =34, K, =-3i, P, =5, P, =5,
K;=3i, K,=-3i,P;=6, P, =6, ks =i, kg = —i, ps =5/4, p,
=5/4, ¢, =in, ¢, =im, ¢;=in, ¢, =im, ¢ =0, and ¢, =0,
then we get the bright-type interactions; if using u,=-1
and c=1, then we can obtain dark-type interactions. Two
types of interactions between a breather and two lumps in
Equation (1) in the (x,y)-plane are shown in Figure 8.

4. Interaction between Lumps and a Stripe

The method of obtaining interaction solutions is roughly
similar to that of obtaining rational solutions, but slightly
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FIGURE 7: Two types of interactions between a lump and two breathers in Equation (1) at t =0. (a) Bright-type interaction solution with
u, =1 and ¢ = -1. (b) Dark-type interaction solution with u; =-1 and c=1.

14
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FIGURE 8: Two types of interactions between a lump and two breathers in Equation (1) at ¢ =0. (a) Bright-type interaction solution with
uy =1 and ¢ =—1. (b) Dark-type interaction solution with u,=-1andc=1.

different. In this part, we will describe how to obtain interac-
tion solutions.

4.1. Interaction between a Lump and a Stripe. To obtain the
interaction between a lump and a stripe of Equation (1),
we substitute N =3, k;, =K,¢, k, =K,¢, p, =P¢&, p, =P,¢,
¢, =im, and ¢, =im into Equation (31), and then, we
expand the resulting f in terms of & at £=0. Similar
to Equations (24) and (26), we also want to get rid of
o(¢?). In other words, we divide the expansion by &,
and then, we take the limit as ¢ is equal to 0. For con-
venience, the expression after we obtain the limit is still
called f, as follows:

f=0,0,+a,, +eb(aja,; +6,ay; + 60,055 + 0,0, +ay,),
(44)

with
24bK°K?
L= §<3,
co(K;P, ~ K.P))
@ = s
24bK K,
Kk e Kp it 2e Pp kK —e POk
K3~ C KDy Co Fjp3hsll;—Co £ K3
(45)
—2KZ2cu, - P2c,))t
9=( e ) +Kx+Pys=1,2,3,

s 2K, (46)
2bky* + 2 cky Uy + copy” + 2 kyw, = 0.

In order for the mixed solution in Equation (44) to become

interaction between a lump and a stripe, there are some restric-

tions for a valid calculation: K; = K,, P, = P,, and parameters
ks, p5, ¢, must be real parameters. In order to describe the
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FIGURE 9: Two types of interactions between a lump and a stripe in Equation (1). (a) Bright-type interaction solutions with u; =1 and c=-1.

(b) Dark-type interaction solutions with u;=-1 andc=1.
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F1GUrE 10: Two types of interactions between two lumps and a stripe in Equation (1). (a) Bright-type interaction solution with u, =1 and

c=—1. (b) Dark-type interaction solution with u,=-1 and c=1.

properties of mixed solutions more directly and concretely, the
parameters of Equation (45) are assigned as follows: K; =1 + i,
Ky=1-i, P, =1, Py=1,k;=1/2, p;=2, ¢,=0, ¢, =1, and
b=-1. If using u,=1 and c=-1, we will get bright-type
interaction solutions; if using u, =—1 and ¢ = 1, we are going
to get dark-type interaction solutions. After calculation, two
types of interaction solutions have the same f under the
above parameters. The interactions between a lump and a
stripe in the (x,y)-plane are shown in the Figure 9.

176 3
f= <4tx+2x2+yz+—8 LAY

19248 1212t 1296x 8167\ _risinaeay
380 389 389 389

, o, 17823
+4X+2X +y +T+5ry+2xy+48.

(47)

4.2. Interaction between Two Lumps and a Stripe. The
method and idea of obtaining interaction between two lumps
and a stripe are roughly the same as the process of obtaining

interaction between a lump and a stripe, but the calculation
is more complicated. We substitute k, =K e, p,=P.e, exp
(¢,)=-1, and s=1,2,3,4 into Equation (31), and then,
we expand the expression at £=0. And then, we are going
to divide this by &*, and we are going to take the limit as ¢
is equal to 0. For convenience, let us call this final result f.

f=010,050, + 1,050, + a130,0, + a140,0; + a5,0,6, + a5,0,0; + a3,0,06,
+ a3+ A130y, + 1405 + €75 (015055035045 + 0150550350, + 01505504505
+a15055030, + 2150350450, + a150350,0, + 0,50,56,0; + 2,150,050,
+ 8550350450, + 550350,0, + a50,450,05 + 0,550,040, + as5a,50,0,
+0a350,0,0, + a450,0,0; + 0,0,050, + ajya350,5 + a1,a550, + 41504505
+a1,030, + 413055045 + 130550, + 4130450, + a130,0, + ay4ap5a55
+a140550; + 0140350, + 140,05 + ay5a550,5 + a15a530,
+ 15054055 + A150040; + 41505034 + 150340, + 230,50,
+a530,0, + 05,0350, + a540,05 + 0550340, + a3,0,0,

+apay + a3y, +ay,a),
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with
24bK’K
— s<5,
¢ (K;P,~K,P))
a, =
! ~24bK*ks®
5,
6bK k" — K 2cops? +2 K;Picoksps — PP coks”
(49)
and
-2K2cu,— P2yt
9. = (2K euy - Pc) +Kx+Pys=1,2,3,4,

’ 2K, (50)

2bks* +2 ¢k uy + cops” + 2 ksws = 0.

In order to ensure that mixed solution is an interaction
solution between two lumps and a stripe, we make some
restrictions in Equation (48). N=5, K,=K,, K;=K,,
P, =P,, P,=P,, and parameters ks,ps, ¢; must be real
parameters. To intuitively describe the properties of mixed
solutions of five soliton, the parameters of Equation (48)
are assigned as follows: K, =1+i, K,=1-i, P, =-2, P, =
~2, Ky=1—-i, K,=1+i, Py=2, P,=2, ky=3/4, ps=2,
¢s=0, ¢;=1, and b=-1. If using yy=1 and c=-1, we
will obtain bright-type interaction solutions; if using u, = —
and c¢=1,we will obtain dark-type interaction solutions.
Under the above parameter constraints, two types of mixed
solutions of five solitons correspond to the same f. The inter-
action solutions in the (x,y)-plane are shown in the Figure 10.

5. Conclusion

In this manuscript, applying Hirota’s bilinear method with a
perturbation parameter u, to generalized Kadomtsev-
Petviashvili equation, we obtain a periodic breather wave
solution. Meanwhile, lump solutions and interaction solu-
tions are generated from solitons by taking long wave limits.
The exact solutions contain some free parameters u, b, c, ¢,
so some new and interesting space structures of breather,
lump, and interaction solutions are found and investigated,
which include structures of bright type and structures of
dark type. Our results show the diversity of the spatial and
space-time structures of solitary waves in nonlinear dynamic
systems. Meanwhile, we also hope that our results will pro-
vide some valuable information in the field of nonlinear
science.
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