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Abstract

We study a self-reflexive DSGE model with heterogeneous households, aimed at character-
ising the impact of economic recessions on the different strata of the society. Our framework
allows to analyse the combined effect of income inequalities and confidence feedback medi-
ated by heterogeneous social networks. By varying the parameters of the model, we find dif-
ferent crisis typologies: loss of confidence may propagate mostly within high income
households, or mostly within low income households, with a rather sharp transition between
the two. We find that crises are more severe for segregated networks (where confidence
feedback is essentially mediated between agents of the same social class), for which cas-
cading contagion effects are stronger. For the same reason, larger income inequalities tend
to reduce, in our model, the probability of global crises. Finally, we are able to reproduce a
perhaps counter-intuitive empirical finding: in countries with higher Gini coefficients, the con-
sumption of the lowest income households tends to drop less than that of the highest
incomes in crisis times.

1 Litterature review

Dynamic Stochastic General Equilibrium (DSGE) models [1, 2] still constitute the workhorse
for monetary policy around the world [3, 4]. Yet, their poor performance during the 2008
global financial crisis (GFC) [5-8] have raised a number of questions about their predictive
power [9]. In recent years, efforts have been made to include in these models ingredients that
were sorely missing from the benchmark model [10], like financial markets. Attempts have
been made to move away from the “Representative Agent” paradigm, by including different
categories of households—hand-to-mouth vs. well-off in TANK (Two-Agent New Keynesian)
models [11-14]—or heterogeneous households with a continuum of possible accumulated
wealth, as in HANK (Heterogeneous Agent New Keynesian) models [15-20]; see also [21] for
a different approach leading to emergent heterogeneities.

Parallel to these developments, macroeconomic Agent Based Models (ABM) are slowly
gaining traction [22-25]. The versatility of ABM allows one to investigate the role of
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interactions and heterogeneities that often lead to interesting (and sometimes surprising)
effects at the aggregate level, as a consequence of non-linearities and feedback loops that are
absent from classical economic models (see e.g. [24]). Still, ABM are regarded with suspicion
by many macroeconomic luminaries, who prefer to stick with “microfounded” models where
agents solve an inter-temporal optimisation problem with a budget constraint [26].

A natural question is whether it is possible to extend DSGE models in a direction that
would bridge the gap with ABM, in particular by including social interactions and heterogene-
ities that are the strong selling points of ABM. Our starting point is our recent work [27]
where we investigated a multi-household DSGE model in which past aggregate consumption
impacts the confidence, and therefore consumption propensity, of individual households. We
found that our minimal setup was already extremely rich, leading to a variety of realistic output
dynamics, in particular the appearance of crises where consumption drops as a result of an ini-
tial exogenous shock, amplified by a collapse of confidence. But while we modelled interac-
tions and feedback loops in [27], we did not account for possible income heterogeneities and
network effects.

Here we build upon such ideas and introduce agents that can be assigned different charac-
teristics, such as skill and social environment. At each time step, the consumption level of each
household is partially determined by the past realised consumption of its neighbouring agents
in a network of social interactions. As we shall see, we find that the phenomenon that we dis-
cussed in our previous paper [27], namely the appearance of endogenous demand driven cri-
ses, is now more complex, with much more structured consumption crashes that are either
restricted to some stratum of the population, or affect the whole population, depending on the
distribution of wages and the structure of the social network.

Although we stick with the basic tenets of standard macroeconomic models, our approach
departs in several ways from the recent heterogeneous extensions of the DSGE models men-
tioned above (e.g. TANK or HANK models). First, our heterogeneities affect both income and
the structure of the interaction network, the latter being absent (and irrelevant) in TANK/
HANK approaches. Second, our heterogeneities are static (low skill workers do not become
high skill workers, and the social network is “frozen”), whereas in HANK models earnings are
dynamical variables as agents self-insure against possible loss of wages in the future. In reality,
a mixture of the two should be expected: both static and dynamically generated heterogeneities
are likely to be present in the population. Third, social interactions lead to self-amplified confi-
dence collapse, absent in TANK/HANK models whereas it is the main feature of our model.

Our model allows one to explore a variety of different possible scenarios. In particular we
highlight the presence of two transitions between different regimes of the dynamical evolution
of the economy. Varying the parameters that describe how the confidence threshold and the
sensitivity to economic fluctuations scale with wages, we find a rather sharp crossover between
aregime in which crises affect mostly the wealthier part of the population to a regime in which
the recessions involve mostly the agents with a low income level. Unlike the TANK/HANK
models, here agents are ex ante all different and can be assigned with different skills levels,
affecting the wage level of agents. In other words, in our setup the skills are taken as quenched
random variables, fixed once and for all for all agents from the beginning. In future extensions
one might consider rules allowing for skills’ re-distribution according to individual
performances.

We also show that increasing the amplitude of exogenous shocks and/or increasing the
global confidence threshold, the model exhibits a transition from a regime in which global cri-
ses are extremely rare to a phase in which strong recessions involving the whole population
occur with high frequency. We investigate the effect of the parameters that control the strength
of the heterogeneities and the social (income-based) segregation, providing intuitive and
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transparent explanations of their impact on the economy. Our model is extremely versatile
and is able to describe a variety of realistic scenarios for crisis formation and its propagation
across different social classes.

The paper is organised as follows. Section 2 is devoted to finding the analytical solution of
our heterogeneous DSGE model, starting from the benchmark DSGE model as presented by
Gali in [1]. In Sec. 3 section we discuss the role and form of the feedback function, and we
introduce wage heterogeneities. We define the network that encodes interactions among
agents. In Sec. 4 we discuss the choice of parameters, using our previous work [27] as a refer-
ence. The qualitative discussion of the results is addressed in Sec. 5; we conduct an analysis of
economic crises by studying both their distribution across the population and the frequency of
the occurrence of global events. Finally, in Sec. 6 we compare the numerical simulations of our
model with real data, discussing potentials and limitations of our approach.

2 Skill & wage heterogeneities
As mentioned above, our starting point is our recent work [27] where we presented a homoge-

neous version of a self-reflexive multi-agent DSGE model. The different ingredients of the
model are summarized as follows.

2.1 Households

We consider N households i = 1, - - -, N who maximise the discounted sum of their present and
future utility:

U = filoge —y(n)’ (1)

where ¢}, n} are the level of consumption and the amount of working hours of household i at
time ¢, f the (possibly time dependent, see below) utility of consumption and y’ the disutility
of work. Utility maximisation is subject to the classic budget constraint:

i

i B, i i i
pic + 1+r = mw,+B_, +E, (2)
t

where p; the price level of goods, w! the wage of agent i, B! the amount of bonds paying 1 at
time ¢ + 1, the value of which being (1 + r)~" at time t, where r, is the interest rate and the term
E! represents other external source of income (dividends, taxes etc. etc).

The maximisation is performed using Lagrange multipliers with respect to the quantities c/,
ni, Bi. This gives the household state equation:

am = floyy, i=1,---,N, (3)

where we introduced the real wages ' = w! /p,. One also obtains the Euler equation govern-
ing intertemporal substitution of consumption:

-
fiule)

I+ Tyt

(4)71 = (1+rt)ﬁEt ) (4)

where 7,1 = psy1/ps — 1 is the inflation rate. This equation will not be used in the rest of the
paper, as we will not be concerned with inflation at this stage. Although the Euler equation is
irrelevant for most of our story, we do want to keep the derivation as close as possible to stan-
dard presentations, as in Ref. [1] for example. (for a short inroad into inflation within the
homogeneous version of the model, see [27]).
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2.2 Firms

The production sector is made of a representative firm which uses different skills, correspond-
ing to different productivity levels z' among agents. We posit that the firm level of production
Y;is given by a Cobb-Douglas. One might also consider to implement a constant elasticity of

” i i\P\1/ .
11\:1 (1 —a)(z nt)p) p,p < 0. This
extension/modification is actually quite relevant when we consider the capital dynamics and/

or when the skill levels z* are not fixed in time—see [36]. Function with 3 z'n as the effective

<Zzn) ©)

where 3, is an overall productivity factor, subject to exogenous shocks, and o < 1 is a parameter
henceforth set to the standard value 1/3. The pre-factor N* in (5) ensures that both the aggre-
gate consumption and the production are proportional to the size of the population N. Due to
the absence of frictions, the firm’s profit can be expressed in real terms, P, /p, and is given by:

P _ o
o= o, (©)

substitution (CES) production function, say Y? = 3,

number of working hours:

_5t1

The firm maximises P, with respect to the individual labour supply #!, under the assumption
that the market will clear, i.e.

Y, = ZC’t (7)

Such maximisation provides the following relation between real wage ! and productivity z' of
each agent:

o, =3, Zw = —sznf (8)

Using Eqs (3) and (8), the market clearing condition (7) becomes:

sz {(n;)z _]f(li—oc)} =0. (9)

Given the set of {y'} and {f'}, Eq (9) describes an N — 1 dimensional manifold where the solu-
tions #’ must lie.
Now, plugging Eq (8) into the profit function (6), one finds that
ﬂ _ 3[0[ Zl—z.

Np, 1—o

Thus, among the set of possible solutions described by (9) we retain the one maximising the
sum Z,. Introducing again Lagrange multipliers, one can show that the optimal solution is
given by

ni=F=,/(1—oa)2, Vi, (10)
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i.e. each term of the sum in Eq (9) is zero. Combining Egs. (8) and (3) finally yields:
. ZF (1 .\
G=471 " (sz:szf,> . (11)

Eqs (8) and (11) are our central theoretical results. Eq (11), which appears to be new, gives the
general solution of a generalised DSGE model with many heterogeneous agents, while keeping
most of the original DSGE fully rational agent paradigm intact up to now.

To move forward, we need to specify the distribution of skills z* over the population, as well
as the dynamics of the overall productivity factor 3,.

Since in our model real wages are proportional to skills (see Eq (8)) we take inspiration

from empirical data, which shows that wages follow an exponential distribution, except in the
extreme tails where it becomes fatter (possibly Pareto-like), in part due to returns on invest-
ment, see e.g. [28]. In order to keep the model as parsimonious as possible, we therefore
assume that the distribution of Z' in the population is given by:

Lexp [ Zmin — % —z 7>z
p(e) =4 ¥ u - (12)

0 Z <z

‘min *

This exponential distribution has a mean given by E[z] = z,,, + p, which can be considered as
a proxy for the GDP per household of the corresponding economy. The distribution of wages
is also characterised by a Gini coefficient G, which is a measure of the inequalities in our econ-
omy: The Gini coefficient is defined as the average absolute difference between two randomly
chosen individual, divided by the mean. By construction, the Gini coefficient is between 0 and
1.

kL
g_2]E[z]_2 [z (13)

min

Hence, G — 0 when p < z,;, (egalitarian society) and G — 50% when p >> z,;,. Stronger
inequalities (i.e. 50% < G < 1) would require a different functional form, with, for example,
extra power-law tails, or a Dirac mass at z = z,,,;,. The quasi-totality of European countries
have a Gini index ranging between 24% and 35% while more unequal societies, such as the US,
have Gini’s >40% [29].

Exogenous shocks are encoded into the idiosyncratic noise 3, that we write as 3, = e,
where &, follows an AR(1) process:

ét = ’75[_1 + v 1- 7/2/\/(0’ 62) ) (14)

where we fix 7 = 0.2 (the parameter 7 only affect the time-scale of the memory kernel of the
stochastic process). This corresponds to assuming that all individual productiveness z' are sub-
ject to the same exogenous shock. One could consider a richer model where different skills are
affected by different shocks, but we leave such an extension for future investigations.

Note that the most probable value of 3, is unity (i.e. §; = 0), which corresponds to what we
will call “normal” or “baseline” conditions.

3 Social network and self-reflexivity

We now discuss the specific form of the consumption propensity f; or, equivalently, its (re-
scaled) square-root F! defined in Eq (10). Following Ref. [27], we assume that the consumption
propensity of agent i at time ¢ depends on the realised consumption at time ¢ — 1 of its
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neighbours (self-reflexivity). These represent the set of individuals each agent i observes to test
the state of the economy. The collection of those interactions is encoded into the matrix Jj;:

1 4
F; =F (K ( )Jijcltl>7 Ki = ;Lﬁ (15)
J 1

i j

where F is a certain function the argument of which is the local average of the consumption at
time ¢ — 1 of “neighbours” on the network J. If the element J;; is non zero, this means that agent
i estimates the state of the economy by observing the past consumption of agent j. The specific
choice of this interaction network will be discussed in details below. Here we start by focusing
on the properties of the feedback function F". In our recent work [27] we have shown that a
generic S-shaped function suffices to induce multiple equilibria, with stochastic switches (cor-
responding to economic crises and recoveries) between them. As in [27] we choose a logistic
function of the form:

F(x) = 5 [Voax = Vi) 100 (0'(x = ) + (Vi + Vi) |- (16)

DN | =

The parameters v/ > Oand v > V!

min min

represent the minimum and maximum levels of
labour that household i can possibly provide (Eq (10)); ¢} is a “confidence threshold” where
the concavity of F(c) changes. Following the intuition developed in Ref. [27], when the aver-
age consumption of an agent’s neighbours, noted ¢’, drops below its personal confidence
threshold, ¢ < ¢/, a panic mechanism is triggered and F'(c') ~ v/ . Conversely, when ¢’ > ¢/
confidence is high and F'(c') ~ v__. 6" > 0 is the steepness of the function ' close to the
threshold level, setting the width over which the transition from low confidence to high confi-
dence takes place, and is related to the agents’ sensitivity to consumption’s changes.

In order to fully specify the model, we still need to define the interaction network i.e. the
link variables J;;. We base our choice on a number of studies indicating that households sharing
the same level of wealth tend to cluster together (see for example [30, 31]). For example, in
large cities, the real estate market is such that people sharing a comparable level of income
populate the same neighbourhoods, and therefore attend the same schools, facilities and
many other public infrastructures. Following this reasoning, we set J;; = 1 with probability
pijand J;; = 0 with probability 1 — p;;, where p; is given by

¢ — 2

reser (i) "

This implies that agents with similar wages (i.e. |2’ — Z/|/(z + /) small) are more likely to be in
contact (i.e. J;; = 1) than agents in different social classes (i.e. |zi -7 |/ (7 +7) large). The stratifi-
cation and the level of segregation of the society is tuned by the parameter A: when A > 1,
wage differences become irrelevant whereas when A < 1 interactions are almost exclusively
within the same social group. The factor C/N in Eq (17) ensures that each household interacts
with a small average number C of other households. In fact, to be more precise, in the follow-
ing we will consider “random-regular graphs” of fixed connectivity C [32], which are defined
as a graph chosen uniformly at random among all possible graphs of N nodes such that each
node has exactly C edges connecting it to its neighbours.

The procedure that we implement to build the network goes as follows:

1. We first assign a wage level z’ to each of the N nodes of the network, which are iid variables
extracted from the distribution (12).

2. We build a random-regular graph of fixed connectivity C.
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3. The links are then rewired through a Monte Carlo algorithm. In order to keep the
connectivity fixed we proceed as follows: We assign to any configuration an energy equal to
H=1Y;|¢ - Z|/(z + ), where (i, j) designates pairs of neighbouring agents. From the ran-
domly generated graph, we pick at random two links, say i — jand k — € and we swap the
connections to i — k and j — £. We compare the energies of the old configuration, H*¢
with that of the rewired configuration, H"*". The new configuration is kept with probability

(O _pnew) /;

min(1, e ). This process is repeated until a stationary state is reached. It is possible

to show rigorously that the probability distribution at equilibrium is given by Eq (17).

While one could have made a number of alternative choices to model heterogeneities in
both income and social interactions, we believe the setting introduced above is general and
simple enough, and contains the essential features that we want to account for.

It is worth adding that in this paper we only focus on symmetric interactions matrices (i.e. if
j influences i then i equally influences j) and leave the generalisation to directed networks to a
future investigation.

4 Parameter specifications

In this section we propose reasonable and parsimonious specifications for the different param-
eters defined in the previous section.

4.1 Wage distribution

The exponential distribution of wages, Eq.(12) has two parameters, governing the average
wage and the Gini coefficient. In order to disentangle the two effects, we first investigate the
model with a fixed value of E[z], arbitrarily set to 2, and vary u in the interval [0.2, 1.8], corre-
sponding to Gini coefficients (given in this case by G = u/4) between 5% and 45%. As dis-
cussed above, the average productivity level E[z] represents the average income and is
essentially proportional to the GDP per capita of one country. When comparing the
predictions of our model to real world data, we will relax the constant salary mass. The sum
>..Z = NE[z] = 2N is kept constant regardless of the level of inequality . hypothesis and
impose it to be proportional to the GDP/capita. This extension is discussed in detail in the last
section of this work.

4.2 Feedback function

The feedback function is specified, for each agent i, by four parameters: v/, V!, ¢} and 6. We
assume that the minimum amount of labour provided by an agent i, v/ _ , is the same for each
agent and equal to zero. (For practical convenience we fix it to a very small value, vi . = 107?).
Similarly, the maximum amount of labour v _can be set to 1, independently of i. Using Eq
(11), this implies that consumption ¢’ in booming times is proportional to income z, as
expected.

The most important parameters of the feedback functions are ¢/ and 6. We assume that
these parameters only depend on the income of each agent as detailed below. In this way we
are able to reduce drastically the number of free parameters of the model.

The ¢}’s play a key role as they correspond to the threshold below which the households’
confidence collapses. In a recent article by D. Jacobe, https://news.gallup.com/poll/111895/
HigherIncome-Americans-Turning-More-Pessimistic.aspx.

it is reported that in the early stages of the 2008 GFC the wealthier part of the population
was also the most pessimistic about the state of the economy. To account for this effect, we set

the confidence threshold of each household ¢ to be an increasing function of its income level,

PLOS ONE | https://doi.org/10.1371/journal.pone.0261423 December 20, 2021 7/20


https://news.gallup.com/poll/111895/HigherIncome-Americans-Turning-More-Pessimistic.aspx
https://news.gallup.com/poll/111895/HigherIncome-Americans-Turning-More-Pessimistic.aspx
https://doi.org/10.1371/journal.pone.0261423

PLOS ONE

Crisis propagation in a heterogeneous self-reflexive DSGE model

and hence of its productivity level z', modulated by an exponent f; > 0:
G =25x ()", (18)

where ¢, is a global trust level that we assume to be determined by country specific economic
policies, culture, etc. The larger the value of 3;, the stronger the dependence of the confidence
threshold on income.

In order to gain some intuition about the specification of the sensitivity parameters ¢, we
use as a guide the phase diagram established in the homogeneous case in [27], recalled in Fig 1.
Depending on the values of 8 and ¢, one can distinguish four zones in the phase diagram that
encode different properties of the economy. Phase A delimits the area of the standard DSGE
model, where we do not observe any economical crisis, zone B" allows for short-lived econom-
ical recessions, the C phase admits a second equilibrium and correspondingly allows for crisis
and economical recoveries with comparable probability and duration. Finally zone B~

A~ 1; Cmin — 10_3

1 !
14
B+
12 - Long living booms &
sudden recessions
104
8 .
- Bisfable economy
6 .
B_
4 Low output
A economy
94 Standard
DSGE limit
0 B T T T
0.0 0.5 1.0
Co

Fig 1. In the figure we show a sketch of the phase diagram as in the homogeneous case, with highlighted the
different phases and their properties. In red and blue we draw two possibilities for the choice of the 6(c). The arrows
point in the same direction as the increase in wages’ levels. This figure is meant to be a guide to help the reader to
understand the model and the choice of parameters.

https://doi.org/10.1371/journal.pone.0261423.9001
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represents the set of parameters for which the system is systematically in a state of crisis. Over
such a phase diagram we draw two possible “trajectories” for 8(co): in blue a convex decreasing
relation and in red an increasing one. Both curves cross different phase transition lines, but the
blue one seems a more natural choice. In this work we only considered two possible patterns
of ¢ and 6. However this model, being extremely versatile, can be easily implemented with
different choices over the definitions of ¢/ and 6. Actually, we find that along the red curve it is
almost impossible to find a set of parameters for which all the agents belong to the same phase
and, moreover, the richest part of the population is systematically exposed to the economic cri-
sis regardless of the choice of parameters.

For these reasons we discard the “red” option and parameterise 0'(c} ) as:

Ba
) _ _ i\ B
0'(c) =0 x (z) " =0 x (C—°> , (19)

where 0 represents the global sensitivity scale and the exponent 3, > 0 enforces a monotonic
decreasing dependence between ¢ and incomes. When 3, = 8, the width " of the transition
region scales as the consumption threshold ¢ itself. When 3, < 8; on the other had (as we will
find empirically), this width increases slower that ¢y, meaning that high incomes are (on a rela-
tive basis) more sensitive than low incomes to a drop of consumption of their neighbours.

Visually, when 0 increases the blue line is globally shifted upwards, while if ¢, increases it is
shifted to the right. When ,, 8, — 0, ¢, = ¢, and 0" = 0, behavioural heterogeneities are
switched off and the model leads to a phenomenology very similar to the one reported in [27].
We are thus left at this stage with only four parameters: f;, B,, ¢,,, 0. Although seemingly
restrictive, this setting gives rise a rich phenomenology that we are going to analyse in the next
sections.

5 Characterising crises typologies
5.1 Numerical results

In our previous article [27] we showed how the introduction of the feedback function can
destabilise the standard DSGE equilibrium. In the C phase the self-consistent solution for the
consumption has two fixed points allowing the system to switch from a high to a low con-
sumption state. As shown in the phase diagram of Fig 1, the confidence threshold ¢, modulates
the probability of jumping from a high consumption state to a recession regime (this probabil-
ity increases with ¢p). In the present work this mechanism remains unchanged but the chain of
events that bring the consumption of agent i to collapse is more intricate. Fig 2 gives some
insights about the possible scenarios.

The three pairs of panels shown in Fig 2 display the crisis propagation for three different
choices of the parameters B, and S, for fixed values of 0 and ¢,. We also compare segregated
(top row) and non-segregated networks (bottom row). In the segregated case we observe that
crises form suddenly and then slowly abate.

Changing the values of 3, and f,, e.g. moving from the left to the right panels affects dra-
matically which social class undergoes consumption-driven crisis. In the left panels, for
instance, crises spread almost exclusively from the poorest end of the population towards the
middle class and only sporadically affect the whole system. In the central panels we observe a
different scenario: the recessions originate with almost the same frequency from the richest or
the poorest part of the population and affect both social classes with the same intensity. Finally
in the right panels crises always start from the richest agents and propagate towards the middle
class and only in very few cases affect the whole population.
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Fig 2. The graphs show the crises dynamics for three choices of the parameters, together with the relative phase
diagram, using the same colour code. In the main panels, the abscissa is time and the ordinate are households, sorted
by increasing wage. Colour appears when one agent’s consumption drops below its corresponding threshold. In the 3
right panels sketching the phase diagram, the dashed line indicate the boundaries of the C phase while the plain line
represents the locus of ¢, and 6 for different households. The three dynamics differ only by the choice of the couple

By and f,, while the global levels of 0 = 4 and ¢, = 0.5 are kept constant, together with the level of income inequalities
u = 1.5. For the upper set of graphs, the network is segregated, A = 0.01, while the bottom ones are with A = 100. Note
that the typology of crises changes substantially between the two cases.

https://doi.org/10.1371/journal.pone.0261423.g002

In the bottom row of Fig 2 (non-segregated networks) we observe that for the three choices
of B, and f,, only the shape and duration of the recessions are affected compared to the segre-
gated case. Recessions spread more uniformly and are shorter.

Below we explain how to rationalise these observations.

5.2 A path across the phase diagram

In the limit of strongly segregated networks (A < 1), the only connections are between agents
that have very similar income and, therefore, very similar values of  and ¢,. Their consump-
tion obey a self-consistent equation very similar to the one studied in our previous paper [27],
but with wage dependent parameters:

E[zF] "

1—a (20)

c(z) = vz x F(c(2)|0(2), ¢(2)), v =
where the time dependence of the consumption c is neglected in the absence of productivity
shocks. As discussed in [27], depending on the choice of the parameters 6 and ¢, Eq (20) can
have 1, 2 or 3 solutions. In the homogeneous case, the representative agent occupies a single
point in the phase diagram of Fig 1. In the limit of strong segregation, each social class occu-
pies a different spot of the phase diagram. The union of these spots form the lines drawn in
Fig 1.

The shape and the location of these lines strongly depends on the values of ; and S,, as
shown on the rightmost panels of Fig 2 (the colour of each of those panels are chosen match
the one of the corresponding dynamics). The top graph shows that agents with lower income
are living in the C phase (bi-stable economy) while the steep decrease of 8 with z, allows the
richer households to cross the C — B* phase line. This reflects the dynamics shown on the cor-
responding panels.

In the middle panel the whole population lies within the C phase, explaining why crises
form from both sides of the income spectrum. Finally the bottom panel, although very similar
to the previous case, reveals an important difference: households with a lower salary are closer
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to the line separating the phases C and A/B". This affects the probability for the lower income
class to suffer a drop of consumption, which is decreased compared to the middle panel case.

5.3 The myopic effect of segregation

The arguments given above are rigorous in the limit of segregated societies, but cannot explain
the strong influence of A on the typology of crises. As revealed by Fig 2, changing the structure
of the interactions leads to a drastic modification of the shape and duration of the recession
spikes. In fact, by varying the segregation of the network, we affect the correlation between the
average income of the households (on which agents’ trust is based) and one’s own income.

In a clustered society (A < 1), the aggregate consumption of a family’s neighbours is similar
to the consumption of the agent itself. This creates an effect of myopia as agents probe the
health of the economy only to a local scale. In this case, contagion effects are maximised. As
social segregation increases the fragility of the social class most exposed to an economical
recession, as each agent is connected to others sharing a comparable wage and living in the
same phase. Hence we expect a sort of avalanche effect, as one agent’s drop in consumption
induces, with higher probability, the trust collapse of its neighbours.

On the contrary, in a non-segregated society agents base their trust in the economy by pick-
ing few agents chosen at random. This allows, for instance, the consumption of a low-wage
person to be boosted by that of a wealthier neighbour, improving his own trust in the econ-
omy, and vice versa. Diversification improves stability in this case: the domino effect is much
weaker in the non-segregated network due to the fact that heterogeneous income level of the
neighbours decreases the effects of the feedback function. Therefore the crises in the non-seg-
regated case are shorter and rarer, and can only be produced by a stronger exogenous shock.

The main message is thus that diversification of information sources increases resilience. In
fact, comparing the top and bottom panels of Fig 2 we see that several small spikes in a non-
segregated society coalesce in a unique recession event when segregation is strong, due to the
avalanche effect described above.

5.4 Exogenous shocks and global crises

After having investigated which households are the most affected by an economical recession,

we now discuss how the size of the crises depends on those parameters, regardless of the social
class. In order to do that, we introduce the quantity x_ ;, defined as the fraction of households

being in a low consumption state at time ¢, independently of the income level:

1 S
x<,t = N E ®(C(l) - Ci) ) (21)
i=0

where © is the Heaviside function: ©(x > 0) = 1 and ©(x < 0) = 0. In the top panels of Fig 3 we
draw the (logarithm of the) probability p(x_) of observing a crisis of “size” x_, for different val-
ues of the income inequalities, of the exponents £ and f,, and for segregated and non-segre-
gated networks.

In the panels where ; = 0.1 (topmost panels) we observe a transition from a uni-modal to a
bi-modal distribution as y is decreased, i.e. as inequalities decrease. For low values of y the
probability distribution has two peaks: the first one in x_ = 0, describing a well functioning
economy where most of the agents are in the high-consumption state, and the second one in
X =~ 1, corresponding to global crisis where nearly all agents are in a recession state. In the
uni-modal regime at larger y, instead, the probability becomes roughly exponential in the crisis
size x_.
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Fig 3. The panels show the probability distribution of the crisis size, x_, for different choices of the parameters. The blue curves show the results
for the segregated case, A = 0.01, while the red ones represent the non-segregated scenario, A = 100. Each panel is dedicated to a couple f3, 8, for five
values of 4 ranging from 0.2 to 1.8. 0 = 4 and ¢, are kept fixed.

https://doi.org/10.1371/journal.pone.0261423.9003

In the uni-modal regime most crises only affect a limited fraction of the population, and only
very rarely hit the whole population (as in the examples shown in Fig 2). Conversely, in the bi-
modal regime recessions are mostly global. This can be rationalised by recalling that in the limit
u — 0 all the agents have the same income, skills, and baseline consumption levels. We thus
recover the results of the homogeneous model [27] in which only two states are possible (the
whole population is in the good state or in the low-consumption one) and x_ is either 0 or 1.

Introducing wage inequalities allows for the possibility of having intermediate crises, that
only affect a finite portion of the agents, thereby reducing the probability of a global crunch.

Comparing the right and left panels, we notice that the level of segregation does not have a
major influence on the shape of the distributions p(x_) (even though the crisis dynamics itself
is strongly affected by A, as shown in Fig 2).

At this point, the question that we still need to address is the following: what parameters
affect, and how, the probability of having a global consumption crisis?

In order to answer this question we introduce the probability PP of observing a global crisis,
which is defined as an event in which the consumption of more than 80% of the population
drops below their own level ¢}, i.e.

’P:=/0;p(x<)dx<. (22)

‘P plays the role of an order parameter for the uni-modal/bi-modal transition described above,
as it is very small in the uni-modal regime and takes appreciable values for bi-modal
distributions.

In our previous work [27] we have shown that in the homogeneous case the crisis probabil-
ity strongly depends on the amplitude of the external shocks o and on the global confidence
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threshold ¢,. In the lower panels of Fig 3 we plot the dependence of P on o for different choices
of the other parameters. For the sake of clarity, in each panel we keep three of the four parame-
ters ¢, 0, B, and B, fixed, and let one of them vary (as indicated in the legends). In each panel
we also show different curves corresponding to several values of p.

We find that the probability of having a global crisis becomes non zero beyond a certain
critical amplitude of the noise, .. We further observe that ¢, decreases with increasing ¢, and/
or 0. This result agrees with the simple intuition that for lower global confidence, or, similarly,
stronger global sensitivity, global crises can be triggered by a smaller exogenous shock. In
other words, referring again to the phase diagram shown in Fig 1, an increase in ¢, at constant
0 shifts the system to the right, whereas an increase of 0 shifts the system upwards. Households
are thus pushed deeper into the C phase and are more frequently exposed to global economic
crises. The effect of B, and 5, on P and o, is rather weak, as is the influence of segregation—see
Fig 4. Hence 8, and 3, have an impact on the social class that is more frequently affected by
the crises, but not on the probability of having a global recession.

Finally, the same figure shows that increasing inequalities (higher values of 4) generally
lowers the probability P of having a global crisis, and increases the critical value .. This is con-
sistent with the content of the upper panels: as discussed above, increasing y favours (in our
model) the formations of smaller crises, that only affect a certain fraction of the population
and reduces the exposure to global crises of the whole population.

However the conclusion that more inequalities lead to a smaller probability of global crises
is possibly misleading, as it neglects an important effect not accounted for in our model,
namely the dependence of the global “panic” level ¢, on the Gini coefficient G. Indeed, a recent

Go=02560=4 5 =01

¢ =01 -1 By =01 By = 0.1 OC{J

0.41 ¢y = 0.25 9 =4 S~ B1 =05 Bo =05 02
¢ =05 g=3 / B =09 B =09 &

& / -
—

0.21 =
o)

=

=B

0.0

¢ =0.1 By =01 By = 0.1 Z,

0.41 e =025 Bi =05 By =05 S
B =109 By = 0.9 "

@D

& 03

0.21

=

(@]

&t

5

0.0 ] , . ; : , ] : _l =
0 0 1 2 0 1 2 0 1 2 A

O-Z O-Z O-Z

Fig 4. The panels show the probability of a global crisis 7 as a function of the exogenous shock amplitude ¢ € [0.1, 2.1]. We restrict the analysis to
three values of y: 0.2, 1.0 and 1.8. In each panel the intensity of the colour reflects the income inequality ¢ as in Fig 3. In each graph the global colour
represents the level of segregation: when blue A = 0.01, when red A = 100. We study the dependence of P on four parameters: in each couple of graphs
(segregated and non segregated network) we let one parameter between ¢, 8, 6 and f3, vary and we keep the other three constants. When kept
constants the parameters take the following values: ¢, = 0.25,0 = 4 and 8, = 8, = 0.1. The varying parameter is represented with different line style,
and the legend is shown within each panel.

https://doi.org/10.1371/journal.pone.0261423.9004

PLOS ONE | https://doi.org/10.1371/journal.pone.0261423 December 20, 2021

13/20


https://doi.org/10.1371/journal.pone.0261423.g004
https://doi.org/10.1371/journal.pone.0261423

PLOS ONE

Crisis propagation in a heterogeneous self-reflexive DSGE model

report from the OECD pointed out that “societies with a strong middle class also experience
higher levels of social trust (. . .). Today, however, middle-class households became increasingly
anxious about their economic situation (. . .) given that middle incomes have not benefited from
economic growth as much as upper incomes (. . .)” [33]. In other words, higher income inequal-
ity should also raise the value of confidence threshold ¢, leading to a more unstable society. It
is not obvious which one of the two effects (stabilizing vs. destabilizing) is dominating. We in
fact suspect that the influence of inequalities on ¢ is non-linear, and only mild when inequali-
ties are moderate.

6 Empirical data

The results of the previous sections show that the model can reproduce a broad spectrum of
possible scenarios for the formation and the propagation of economic crises across a society
with stratified income levels.

In this final section we will exploit such versatility to compare the output of the model with
real data, discussing differences and similarities when key parameters are modified. This exer-
cise is not easy, as empirical data on the level of consumption for different income groups is
not always available and/or complete for each country. On the other hand, data on income dis-
tribution exists. Our aim here will be to exploit the available data to show that there is a region
of the parameter space that is consistent with empirical observations on the relative drop of
consumption of poorest compared to that of the richest during a crisis.

However, since income data also includes returns from financial investments, our assump-
tion that income has an exponential distribution is not adapted to describe the high tail, for
which a power-law is more adequate [28]. It may in fact be that a substantial part of the effect
reported below results from financial losses, and not from the contagion effect captured by our
model—except perhaps in an effective way, see below.

The data set we have explored is available from the website “Our World in Data” [34]. It
provides information regarding the consumption of the richest and the poorest decile, called
respectively cj, , and cf ,, for a large range of years ¢ and countries a. Furthermore, we refer to
levels of GDP per capita, which is available on the same platform. The main interest of our
study is to understand how heterogeneities and income inequalities affect the response of the
population in a crisis scenario.

The quantities cj, and cf,
are omitted, we interpolate the missing data point of the two closest available data points. We
use the logarithm for interpolation because we want to keep track of the exponential growth of
consumption. For example, if the natural progression is 2, , 8, where  represents the missing
information, using this method we find x = 4, which seems more reasonable. Without interpo-
lating the data, the number of points with complete information for GDP/capita, G and A is
113. However, if we interpolate the missing information this number rises to 206. 10 of these
countries have G greater than 50% and are therefore not exploited, as our exponential model
does not account for Gini’s larger than 50%. In order to track and compare the time evolution
of the consumption of the highest and the lowest deciles, we compute, for each year t and
country g, the relative difference:

are typically provided for each year t, but in cases where they

o=

[
ety = L %=10,90 . (23)
' C*,t—l

It is clear from the definition that when dc¢], assumes negative values it means that the con-
sumption of the x-th decile of country a has dropped in the time lapse of one year. We define
such an event as a recession that affected at least one extreme of the population, i.e. either
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0¢g,, < 0orocfy, < 0.To monitor how unequally such crises affect the population, we intro-

duce the indicator A} defined as:

A? = 5Cgo,t - 56?0,: : (24)

This quantity A} captures how economic crises spread in the society:

1. If A} < 0 the richest decile undergoes a greater relative drop in consumption during the cri-
sis compared to the poorest decile.

2. If A} > 0 the poorest decile experiences the largest relative consumption drop.

The other key elements of our model are the segregation index A (for which we have no
direct data) and income inequalities, described by the Gini index G; associated to country a at
date t. We also cut our sample into rich countries, with GDP/cap. larger than the median, and
poor countries, with GDP/cap. less than the median.

The processed data is displayed in Fig 5 where we show A; versus G, for all available years ¢
and countries a (without distinctions). To better visualise the GDPs we set the size of the
markers (x) proportional to its value and we choose to adapt the grey level accordingly: light
grey corresponds to high GDPs, and dark grey to low GDPs. For the following discussion we
will refer to A as being the set given by A}, Va, t.

We observe that A exhibits a negative overall correlation with G: C(A, G) = —0.126. This
means, perhaps unexpectedly, that with the increase of inequalities the relative response to a
recession is in favour of the poorest. A double regression against both Gini and GDP/cap.
shows that the direct impact of GDP on A can be safely neglected. This is compatible with our
assumption that §; > 0, i.e. that the confidence threshold of the high earners is higher than
that of the low earners (meaning that transition to a low consumption state is more probable
for higher wages). Indeed, it is difficult for low incomes to reduce what is already the bare min-
imum consumption.

In order to calibrate the model in a realistic way as to reproduce these observations, we
drop the fixed average salary E[z] hypothesis (which has been used in the previous sections to
explore the possible scenarios of the model) and we set E*[z] o« GDP*/capita. Many developed
countries have social policies that allow to reduce the confidence threshold via social aids of
the welfare system that increase the global trust in the economy. Those policies can be mod-
elled, for example, introducing a new parameter f3; that modulates how ¢, of a country scales

with the the GDP/capita, setting for example ¢, — ¢,E[z]", where ¢, represents an arbitrary
global confidence level. We have explored this extension of the model but systematically find
that B; ~ 0 gives the best agreement with data.

The GDP/cap. of the United States will be used as a reference for the other countries. With-
out loss of generality we fix the average wage in the US to some arbitrary value, say
E[z]”* = 10. Having thus fixed the value of E*[z] = 10 x GDP*/GDP" and the Gini coeffi-
cient G, the value of 4” is uniquely determined by Eq (13).

For definiteness, we set the global sensitivity 0 = 4, the global confidence level ¢, = 0.5
and the amplitude of the noise to o = 1, independent of a. 0 and ¢, can be changed quite a bit
without affecting the quality of the final result, provided j; and 3, are slightly modified as well.
The value of ¢ cannot be too low (otherwise crises almost never happen) nor too high (other-
wise crises are too frequent), so o = 1 is a reasonable compromise. The most relevant parame-
ters turn out to be the segregation level A, and the exponents ; and f,, which we scan but
again uniformly across all countries.
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Fig 5. The panel shows the numerical simulation corresponding to the parameters that best fit real data, i.e. #; = 0.5,

P> =0.3, % =0.01. The brightness and the size of each point is proportional to the GDP per capita: the bigger (or brighter) the
dot is the stronger is the economy it represents. In each panel the markers (‘x’) correspond to real data and are shown in
shades of grey. The solid black line is the linear regression through real data, which is found to be very similar for rich
countries and for poor countries. The horizontal dashed black line shows the reference line A = 0. The two coloured lines
represent the linear regressions (errors on the regressions are also displayed as coloured bands) for low GDP/cap. countries
(dark blue) and high GDP/cap. countries (light blue), again very similar to one another and to real data. The upper panel
shows a numerical realisation of the crisis dynamics, as in Fig 2, for the same values of 3}, B, A and with G = 0.411 and

E[z] = 10, corresponding to the US economy in 2016 [35]. In this example, low-income households are more frequently in a
low consumption state, although occasional crises also hit high earners (see left part of the time series).

https://doi.org/10.1371/journal.pone.0261423.9g005

We test our model for different combinations of the parameters running several simula-
tions, each of which is based on the empirical data. Unlike the real data, where GDP/capita
does not influence much A (the linear regression has a coefficient of —1.8 x 107> when GDP/
capita < median and —1.7 x 10~ otherwise), our simulations give a linear regression that
depends quite strongly on GDP/capita.

We thus split our analysis of the correlations between A and G into countries having a GDP
per capita greater and smaller than the median of the points considered. The results for the
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Table 1. This set of tables document the coefficients of linear regressions of numerical As as a function of the Gini coefficient G, for different choices of parameters:
P, B2 and & = 0.01 (segregated network). We fix as constants: ¢, = 0.5, 0 = 4, 0= 1. For each combination of parameters, several independent simulations are per-
formed, during which the time evolution of A, is calculated and then averaged, conditioned to a crisis, i.e. either dcoy < 0 or 8¢;9 < 0. We further distinguish between coun-
tries having a GDP/cap. higher and lower than the median value of the available data. The reference value of the regression for empirical data is -0.0018 if GDP/capita

<median value and -0.0017 otherwise.

Bi\B> 0.1
0.1 -0.0004
0.3 -0.0017
0.5 -0.0006
0.7 0.0007
0.9 -0.0065

Bi\Bx 0.1
0.1 -0.0007
0.3 -0.0022
0.5 -0.0352
0.7 -0.1153
0.9 -0.0732

https://doi.org/10.1371/journal.pone.0261423.t001

Segregated Network
GDP/capita <median value
0.3 0.5 0.7 0.9
0.0018 0.0135 -0.0032 -0.0425
-0.0011 0.0039 0.016 0.0367
-0.0021 -0.0008 0.0192 0.0394
0.0004 -0.0003 -0.0007 0.0669
0.0002 0.0015 0.0011 0.0009
GDP/capita > median value
0.3 0.5 0.7 0.9
0.0019 0.0146 0.009 0.0274
-0.0011 0.0021 0.0074 0036
-0.0021 -0.0011 0.0017 0.0194
-0.0671 -0.0045 -0.0005 0.0023
-0.0674 -0.043 -0.005 0.0004

numerical values of the linear regressions of the outcome of our simulations are listed in Tables
1 and 2, together with the parameters explored.

We observe that the calibration of our model is very sensitive to the choice of #; and $,, as
the results differ greatly from case to case. Only for some values of the parameters do the simu-
lations display a negative correlation between A and G independent of the level of GDP/capita.
All other combinations of parameters are unrealistic and therefore discarded. We observe in
particular that in the non-segregated scenario (A = 100) there is no choice of 8;, 5, that is com-
patible—even qualitatively—with empirical values.

Table 2. This table documents the coefficients of linear regressions of numerical As as a function of the Gini coefficient G, for the non-segregated network (A = 100).
Please refer to the caption below Table 1 for further details. The reference value of the regression for empirical data is -0.0018 if GDP/capita <median value and -0.0017

otherwise.

Bi1\B> 0.1
0.1 0.0004
0.3 0.0002
0.5 0
0.7 -0.0056
0.9 -0.0172

B1\B> 0.1
0.1 0.0002
0.3 -0.0017
0.5 -0.0959
0.7 -0.4378
0.9 -0.6745

https://doi.org/10.1371/journal.pone.0261423.t1002

Non-segregated Network
GDP/capita <median value

0.3 0.5 0.7 0.9
0.0286 0.2001 0.4824 0.6972
0.0001 0.0195 0.2613 0.4777
0.0006 0.001 0.02 0.3325
-0.0019 0.0014 0.0015 0.0123
-0.0072 -0.0019 0.0006 0.0015

GDP/capita > median value

0.3 0.5 0.7 0.9
-0.0004 0.0009 0.0009 0.0141
0.0004 -0.0007 -0.0011 -0.0002
-0.004 0.0012 -0.0008 -0.0012
-0.1269 -0.0067 0.0014 -0.0002
-0.4255 -0.1203 -0.0124 0.0029
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On the other hand, when considering a segregated network (i.e. A = 0.01), when 3, = 0.3
and 3, € {0.1, 0.3}, or 8; = 0.5 and 3, € {0.3, 0.5} (underlined and in bold in Tables 1 and 2)
our results are consistent with empirical data, both in terms of sign and magnitude. The results
corresponding to the best case scenario is superimposed to real data in Fig 5. (We set the
brightness of each point dependent to GDP/capita: the greater the brighter.).

The role of segregation is quite an interesting outcome of our calibration exercise. It sug-
gests, as is intuitively plausible, that contagion effects are mostly within social classes, and less
across social classes. As we noted above, our model does not properly account for financial cri-
ses, which chiefly affects the high income class. However, a segregated network allows one to
describe in an effective way the correlation in high income consumption shocks.

A better way to model these shocks would be to allow productivity shocks &, (defined in
Eq (14)) to be correlated between individuals belonging to the same social class, with a vari-
ance also depending on outcome (and therefore on countries as well, through GDP/capita).
We leave this for further investigations, as one would need more microdata to calibrate such
an extended model.

7 Summary, conclusion

Let us summarise what we have achieved in this paper. First, we have extended the self-reflex-
ive DSGE framework to heterogeneous households, which differ by their income level and by
their social network. Consumption is therefore also heterogeneous and is given by Eq (11),
which appears to be new. Confidence feedback is mediated through the social network of each
agent, which we assume to be either within social classes only (segregated network), or across
social classes (non segregated network), with a parameter allowing one to smoothly interpolate
between these two extremes. Depending on the specification of the confidence feedback func-
tion, we find a rich variety of possible crises types: propagating mostly within high-income
households, or mostly within low-income households, or else, in a narrow parameter region,
across the whole society. Interestingly, we find that crises are more severe for segregated net-
works, for which contagion effects are stronger. Inter social class interactions tend to blunt the
propagation of pessimism, because agents belonging to different social classes have different
sensitivities to economic shocks. We also find that more income inequalities lead to a smaller
probability of global crises (all other parameters being kept fixed). However, this conclusion
should be taken with a grain of salt, as other effect directly affecting confidence (such as inse-
curity, social violence, etc.) are not accounted for in the model—although there is room to
extend the model in that direction as well.

Finally, we have compared the prediction of the model with real data, that quantify the rela-
tive drop of consumption of the lowest income decile vs. the highest income decile during
recessions. We find that in more unequal countries (with high Gini coefficients), the consump-
tion of the lowest income households tend to drop less than that of the highest incomes. This
trend is mostly driven by the Gini coefficient and not by the country GDP/capita. On the one
hand, this effect may seem counter-intuitive, since one could expect the lower income decile to
be more sensitive to external shocks. However, on the other hand, this might be explained by
observing that consumption in low income households, especially in countries with high Gini
coefficients, could be related to a bare minimum necessary consumption that the households
will find difficult to cut back.

Our model can be calibrated to reproduce such an empirical finding—in fact only a small
region of the parameters is compatible with the sign of the empirical effect. In particular, we
find that the segregated network hypothesis is strongly favoured by the data, although other
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mechanisms, like financial market fluctuations that only affect high income households, may
lead to similar effects.

As with all models, many possibly relevant features are left out in our model. For instance,
one may consider an extension where the structure of the network is endogenized according
to the GDP/capita. Another important direction is the implementation of a monetary policy,
which we leave this for future work. We however hope that the framework proposed here—
which allows mixing together income inequalities and confidence feedback mediated by het-
erogeneous social networks—can be welded with other approaches, such as popular HANK
models for example [16]. This would improve our understanding of economic recessions and
their impact on the different strata of the society.
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