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Abstract
In this paper, we give the notion of (∈,∈ ∨q)-fuzzy soft group and introduce its some properties and
structural characteristics. Moreover, the definition of (∈,∈ ∨q)-fuzzy normal soft group is given and
some of its basic properties are studied. Also, the theorem regarding of homomorphic image and
homomorphic pre-image of a (∈,∈ ∨q)-fuzzy soft group under a fuzzy soft function is given.
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1 Introduction
To solve complicated problems in economics, engineering, environmental science and social science,
methods in classical mathematics are not always successful because of various types of uncertainties
present in these problems. There are some known approaches to describing uncertainty such as
probability theory, fuzzy set theory [1], rough set theory [2], and other mathematical tools. The
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concept of fuzzy set theory was introduced by Zadeh [1]. This concept was used in topology and
analysis by many researchers, see for instance ([3], [4], [5]). The concept of soft sets which is a new
mathematical tool was firstly introduced by Molodtsov [6]. At present, works on the soft theory are
progressing rapidly. Maji et al. [7] described the application of soft set theory to a decision-making
problem. Maji et al. [8] also studied several operations on the theory of soft sets.

Some researches have studied algebraic properties of soft sets. Initially, Aktaş and Çağman
[9] defined the notion of soft groups and derived their basic properties using Molodtsov’s definition
of the soft sets. Feng et al. [10] introduced the notions of soft semirings, soft ideals and idealistic
soft semirings, and then investigated some properties of their. Acar et al. [11] defined soft rings, and
introduced basic notions of soft rings. Çelik et al. [12] defined some new binary relation on soft sets,
and also they investigated some new properties of soft rings. Yamak et al. [13] introduced the notion
of soft hypergroupoids.

Many studies with regard to algebraic structures of fuzzy soft sets were made. Firstly, Maji et
al. [14] defined fuzzy soft set, and established some results on them. Jin-liang et al. [15] defined
the operations on fuzzy soft groups, and proved some results on them. Aygünoğlu and Aygün [16]
gave the concept of fuzzy soft group, and defined fuzzy soft function and fuzzy soft homomorphism.
Lastly, İnan and Öztürk [17] introduced the fuzzy soft ring, and (∈,∈ ∨ q)-fuzzy soft subring. They
also studied some of their basic properties. Soft sets and fuzzy soft sets have a rich potential for
applications. Some applications are presented in ([6], [7], [18], [19], [20]).

The idea of quasi-coincidence of a fuzzy point with a fuzzy set [21] has played a vital role
in generating some different types of fuzzy subgroups, called α, β-fuzzy subgroups, introduced by
Bhakat and Das [22]. In particular, an (∈,∈ ∨q)-fuzzy subgroup is an important and useful generalization
of Rosenfeld fuzzy subgroup.

The rest of this paper is organized as follows. In the first two sections as preliminaries, we
give the concepts of fuzzy subset, soft set, fuzzy soft set and (∈,∈ ∨q)-fuzzy subgroup. In Section
3, we introduce (∈,∈ ∨q)-fuzzy soft group and study its characteristic properties. Also, we give the
definition of a (∈,∈ ∨q)-fuzzy normal soft group and study some of its basic properties. Moreover, we
give the theorem regarding of image and pre-image of a (∈,∈ ∨q)-fuzzy soft group under a fuzzy soft
function.

2 Preliminaries
Definition 2.1. [1] A fuzzy subset λ of G is defined as a map from G to [0, 1]. The family of all fuzzy
subsets of G is denoted by F(G). The following are most popular operations on fuzzy subsets:
∀λ, µ ∈ F(G), ν ∈ F(H) and x ∈ G, y ∈ H;

(λ ∨ µ)(x) = λ(x) ∨ µ(x);

(λ ∧ µ)(x) = λ(x) ∧ µ(x);

(λ× ν)(x, y) = λ(x) ∧ ν(y);

(λ · µ)(x) =
∨
x=a·b

(λ(a) ∧ µ(b));

λ−1(x) = λ(x−1);

f(λ)(y) =

{ ∨
f(a)=y λ(a) if f−1(y) 6= ∅,

0 otherwise.

f−1(ν)(x) = ν(f(x))
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λ ≤ µ if and only if λ(x) ≤ µ(x) for all x ∈ G. For T ⊆ G, χT ∈ F(G) is called characteristic
function of T , and defined by χT (x) = 1 if x ∈ T and χT (x) = 0 otherwise for all x ∈ G.

Definition 2.2. [21] A fuzzy subset λ of G of the form

λ(y) =

{
t(6= 0) if y = x
0 if y 6= x

is said to be a fuzzy point with support x and value t and is denoted by xt.

Definition 2.3. [21] A fuzzy point xt is said to belong to (resp. be quasi-coincident with) a fuzzy
set λ, written as xt ∈ λ (resp. xtqλ) if λ(x) ≥ t (resp. λ(x) + t > 1).

If xt ∈ λ or xtqλ, then we write xt ∈ ∨qλ.

Definition 2.4. Let λ be a fuzzy subset of G. Then, for all t ∈ [0, 1], the set λt = {x ∈ G : λ(x) ≥ t}
is called level subset of λ.

Definition 2.5. [23] Let G be a group and λ be a fuzzy subset of G. Then, λ is called a fuzzy
subgroup of G if

(i) λ(xy) ≥ λ(x) ∧ λ(y),

(ii) λ(x−1) ≥ λ(x)

for all x, y ∈ G.

Definition 2.6. [8] Let U be a common universe set, E be a set of parameters and A ⊆ E. Then a
pair (F,A) is called a soft set over U , where F is a mapping given by F : A→ P(U).

Definition 2.7. [14] Let U be an inital universe set, E be a set of parameters and A ⊆ E. Then,
a pair (F,A) is called a fuzzy soft set over U , where F is mapping given by F : A→ F(U).

Definition 2.8. [14] Let (F,A) and (H,B) be two fuzzy soft sets over a common universe U . Then
we say that (F,A) is a fuzzy soft subset of (H,B) if

(i) A ⊆ B
(ii) F (a) ≤ H(a) for all a ∈ A. In this situation denoted by (F,A)⊆̃(H,B).

Definition 2.9. [14] For two fuzzy soft sets (F,A) and (H,B) over a common universe U , we say that
(F,A) is a fuzzy soft equal of (H,B), denoted by (F,A)=̃(H,B), if (F,A)⊆̃(H,B) and (H,B)⊆̃(F,A).

Definition 2.10. [24] Let R be a common universe, E be a set of parameters and A ⊆ E.

(a) (F,A) is called a relative null fuzzy soft set, denoted by ∅̃A, if F (a) = 0R for all a ∈ A.

(b) (G,A) is called a relative whole fuzzy soft set, denoted by Ω̃A, if G(a) = R for all a ∈ A.

The relative whole fuzzy soft set with respect to the set of parameters E is called the absolute
fuzzy soft set over R and simply denoted by Ω̃E . In a similar way, the relative null fuzzy soft set with
respect to the E is called the null fuzzy soft set over R and is denoted by ∅̃E .

Definition 2.11. [14] Let (F,A) and (H,B) be two fuzzy soft sets over a common universe U . Then,

(1) The ∧-intersection of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set (Q,C) =
(F,A)∧̃(H,B) over U , where C = A×B, and Q(a, b) = F (a) ∧H(b) for all (a, b) ∈ A×B.

(2) The ∨-union of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set (Q,C) =
(F,A)∨̃(H,B) over U , where C = A×B, and Q(a, b) = F (a) ∨H(b) for all (a, b) ∈ A×B.
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In addition to the above, we can give the following definition.

Definition 2.12. [18] Let (F,A) and (H,B) be two fuzzy soft sets over a common universe U . Then,
(1) The extended union of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set

(Q,C) = (F,A)∪̃(H,B) over U , where C = A ∪B and

Q(c) =


F (c) if c ∈ A\B
H(c) if c ∈ B\A
F (c) ∨H(c) if c ∈ A ∩B

for all c ∈ C.
(2) The restricted union of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set

(Q,C) = (F,A)∪̃<(H,B) over U , where C = A ∩B, and Q(c) = F (c) ∨H(c) for all c ∈ C.
(3) The extenden intersection of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set

(Q,C) = (F,A)∩̃ε(H,B) over U , where C = A ∪B, and

Q(c) =


F (c) if c ∈ A\B
H(c) if c ∈ B\A
F (c) ∧H(c) if c ∈ A ∩B

for all c ∈ C.
(4) The restricted intersection of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set

(Q,C) = (F,A)∩̃(H,B) over U , where C = A ∩B, and Q(c) = F (c) ∧H(c) for all c ∈ C.
(5) The cartesian product of fuzzy soft sets (F,A) and (H,B) is defined as the fuzzy soft set

(Q,C) = (F,A)×̃(H,B) over U , where C = A × B, and Q(a, b) = F (a) × H(b) for all
(a, b) ∈ A×B.

Now, we define a binary operation on fuzzy soft sets in the following way:
Suppose that ⊕ is a binary operation on F(E), and ⊗ is a binary operation on F(U). Then for

any two fuzzy soft set (F,A) and (H,B) over U , (F,A) ⊕⊗ (H,B) is defined as the fuzzy soft set
(Q,C) where C = A⊕B and

Q(c) =


F (c) if c ∈ A\B
H(c) if c ∈ B\A
F (c)⊗H(c) if c ∈ A ∩B
0U otherwise

for all c ∈ C. Here we describe a general binary operation on fuzzy soft sets obtained as a special
case of the some binary relations such as extended union, restricted union, extended intersection,restricted
intersection, restricted sum, extended sum, restricted product and extended product for the ⊕ ∈
{∪,∩} and ⊗ ∈ {∨,∧}.

Definition 2.13. Let {(Hi, Bi) | i ∈ Λ} be a family of fuzzy soft sets over a common universe U .
Then,

(1) The intersection of the family (Hi, Bi), denoted by
⋂̃
i∈Λ(Hi, Bi), is a fuzzy soft set (H,B)

defined as:

B =
⋂
i∈Λ

Bi, (∀b ∈ B) H(b) = ∧i∈ΛHi(b).

(2) The ∧-intersection of the family (Hi, Bi) , denoted by
∧̃
i∈Λ(Hi, Bi), is a fuzzy soft set (H,B)

defined as:

B =
∏
i∈Λ

Bi, (∀(bi)i∈Λ ∈ B) H((bi)i∈Λ) = ∧i∈ΛHi(bi).
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(3) The ∨-union of the family (Hi, Bi), denoted by
∨̃
i∈Λ(Hi, Bi), is a fuzzy soft set (H,B) defined

as:

B =
∏
i∈Λ

Bi, (∀(bi)i∈Λ ∈ B) H((bi)i∈Λ) = ∨i∈ΛHi(bi).

Definition 2.14. [19] Let (F,A) and (H,B) be two fuzzy soft sets over G and K, respectively. Let
φ : G → K, ψ : A → B be two functions. Then we say that the pair (φ, ψ) is a fuzzy soft function
from (F,A) to (H,B) denoted by (φ, ψ) : (F,A) → (H,B) if the following condition is satisfied:
φ(F (x)) = H(ψ(x)) for all x ∈ A. If φ and ψ are injective (resp. surjective, bijective), then (φ, ψ) is
said to be injective (resp. surjective, bijective).

In this definition, If φ is homomorphism from G to K, then (φ, ψ) is said to be a fuzzy soft
homomorphism, and that (F,A) is fuzzy soft homomorphic to (H,B). The latter is denoted by
(F,A) ∼ (H,B). If φ is an isomorphism from G to K and ψ is a bijective mapping from A onto
B, then we say that (φ, ψ) is a fuzzy soft isomorphism and that (F,A) is fuzzy soft isomorphic to
(H,B). The latter is denoted by (F,A) ' (H,B).

Definition 2.15. [19] Let (F,A) and (H,B) be two fuzzy soft sets over G and K, respectively. Let
(φ, ψ) be a fuzzy soft function from (F,A) to (H,B) . Then,

(1) The image of (F,A) under the fuzzy soft function (φ, ψ), denoted by (φ, ψ)(F,A), is a fuzzy
soft set over K defined by (φ, ψ)(F,A) = (φ(F ), B), where

φ(F )(y) =

{ ∨
ψ(x)=y φ(F (x)) if y ∈ Imψ

0R2 otherwise

for all y ∈ B.

(2) The pre-image of (H,B) under the fuzzy soft function (φ, ψ), denoted by (φ, ψ)−1(H,B), is
the fuzzy soft set over G defined by (φ, ψ)−1(H,B) = (φ−1(H), A), where

φ−1(H)(x) = φ−1(H(ψ(x)))

for all x ∈ A.

Definition 2.16. [15] Let G be a group and (F,A) be a fuzzy soft set over G. Then (F,A) is called a
fuzzy soft group over G if F (a) is a fuzzy subgroup of G for all a ∈ A.

Definition 2.17. [22] A fuzzy subset λ of G is said to be an (∈,∈ ∨q)-fuzzy subgroup of G if for
all x, y ∈ G and t, r ∈ (0, 1],

(i) xt, yr ∈ λ⇒ (xy)M(t,r) ∈ ∨qλ, where M(t, r) denote min(t, r)

(ii) xt ∈ λ⇒ (x−1)t ∈ ∨qλ
Remark 2.18.

(I) The condition (i) in Definition 2.17 is equivalent to

(i′) λ(xy) ≥ M(λ(x), λ(y), 0.5) for all x, y ∈ G, and the condition (ii) in Definition 2.17 is
equivalent to

(ii′) λ(x−1) ≥M(λ(x), 0.5) for all x ∈ G.

(II) The necessary and sufficient condition for a fuzzy subset λ to be a (∈,∈ ∨q)-fuzzy subgroup
of G is λ(xy−1) ≥M(λ(x), λ(y), 0.5) for all x, y ∈ G.
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Definition 2.19. [22] An (∈,∈ ∨q)-fuzzy subgroup λ of G is said to be (∈,∈ ∨q)-fuzzy normal
subgroup if for any x, y ∈ G and t ∈ (0, 1],

xt ∈ λ⇒ (yxy−1)t ∈ ∨qλ.

Lemma 2.20. Let f be a homomorphism from G to K. Then,

(1) If λ is a (∈,∈ ∨q)-fuzzy subgroup of G, then f(λ) is a (∈,∈ ∨q)-fuzzy subgroup of K,

(2) If ν is a (∈,∈ ∨q)-fuzzy subgroup of K, then f−1(ν) is a (∈,∈ ∨q)-fuzzy subgroup of G.

Lemma 2.21. Let λ and µ be two (∈,∈ ∨q)-fuzzy subgroups of G. Then,

(1) λ∩µ is a (∈,∈ ∨q)-fuzzy subgroup of G,

(2) λ∧µ is a (∈,∈ ∨q)-fuzzy subgroup of G,

(3) λ×µ is a (∈,∈ ∨q)-fuzzy subgroup of G.

3 (∈,∈ ∨q)-Fuzzy Soft Groups
Let G and H be groups, A is any non-empty set and λ be a fuzzy subset of G.

Definition 3.1. Let (F,A) be a fuzzy soft set over G. Then, (F,A) is said to be a (∈,∈ ∨q)-fuzzy soft
group over G if F (x) is a (∈,∈ ∨q)-fuzzy subgroup of G for all x ∈ A.

Example 3.2. Let G = {g1, g2, g3, g4} be a group, A = {e1, e2, e3} and F : A → F(G), F (ei) =
λi : G→ [0, 1] be a set-valued function defined by

g1 g2 g3 g4

λ1(gi) 0.6 0.4 0.7 0.4

λ2(gi) 0.7 0.5 0.8 0.5

λ3(gi) 0.5 0.3 0.6 0.3

Obviously (F,A) is a fuzzy soft set over G. Also, we see that since ∀x, y ∈ G and ∀1 ≤ i ≤ 3,
λi(xy

−1) ≥M(λi(x), λi(y), 0.5) condition hold, F (x) is a (∈,∈ ∨q)-fuzzy subgroup of G for all x ∈ A.
Therefore, (F,A) is a (∈,∈ ∨q)-fuzzy soft group over G.

Theorem 3.3. If (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. Then, (F,A)∩̃ε(H,B)
is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. Let (F,A)∩̃ε(H,B) = (Q,C), where C = A ∪ B and Q : A ∪ B → F(G) is a mapping.
Clearly, if c ∈ A\B, then Q(c) = F (c) is a (∈,∈ ∨q)-fuzzy subgroup of G, and if c ∈ B\A, then
Q(c) = H(c) is a (∈,∈ ∨q)-fuzzy subgroup of G. If c ∈ A∩B, then Q(c) = F (c)∧H(c) is a (∈,∈ ∨q)-
fuzzy subgroup of G since the intersection of two (∈,∈ ∨q)-fuzzy subgroups is a (∈,∈ ∨q)-fuzzy
subgroup over G. Hence, (F,A)∩̃ε(H,B) is a (∈,∈ ∨q)-fuzzy soft group over G.

Theorem 3.4. If (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. Then, (F,A)∩̃(H,B)
is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. It is similar to the proof of Theorem 3.3.

Theorem 3.5. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. If A ∩ B = ∅,
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then (F,A)∪̃(H,B) is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. Let (F,A)∪̃(H,B) = (Q,C), where C = A ∪ B and Q : A ∪ B → F(G) is a mapping.
Since A ∩ B = ∅, it follows that either c ∈ A\B or c ∈ B\A for all c ∈ A ∪ B. If c ∈ A\B, then
Q(c) = F (c) is a (∈,∈ ∨q)-fuzzy subgroup of G, and if c ∈ B\A, then Q(c) = H(c) is a (∈,∈ ∨q)-
fuzzy subgroup of G. Hence, (Q,C) is a (∈,∈ ∨q)-fuzzy soft group over G.

Theorem 3.6. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. If F (c) ≤ H(c)
or H(c) ≤ F (c) for all c ∈ A ∩B, then (F,A)∪̃<(H,B) is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. Let (F,A)∪̃(H,B) = (Q,C), where C = A ∪B. If c ∈ A\B or c ∈ B\A for all c ∈ A ∪B, then
it is clear that Q(c) is a (∈,∈ ∨q)-fuzzy subgroup of G from the proof of Theore 3.5. If F (c) ≤ H(c)
or H(c) ≤ F (c) for all c ∈ A ∩ B, then Q(c) = F (c) ∨H(c) is a (∈,∈ ∨q)-fuzzy subgroup of G for all
c ∈ A ∩B. Hence, (Q,C) is a (∈,∈ ∨q)-fuzzy soft group over G.

Theorem 3.7. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. Then, (F,A)∧̃(H,B)
is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. Let (F,A)∧̃(H,B) = (Q,C), where C = A × B and Q(α, β) = F (α) ∩ H(β) for all (α, β) ∈
A × B. Since F (α) and H(β) are (∈,∈ ∨q)-fuzzy subgroups of G for all (α, β) ∈ A × B, then the
intersection F (α) ∧ H(β) is also (∈,∈ ∨q)-fuzzy subgroup of G. Hence, we find that (Q,C) is a
(∈,∈ ∨q)-fuzzy soft group over G.

Theorem 3.8. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. If F (a) ≤ H(b)
or H(b) ≤ F (a), for all (a, b) ∈ A×B, then (F,A)∨̃(H,B) is a (∈,∈ ∨q)-fuzzy soft group over G.

Proof. It is similar to the proof of Theorem 3.6.

Theorem 3.9. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G1 and G2, respectively.
Then, (F,A)×̃(H,B) is a (∈,∈ ∨q)-fuzzy soft group over over G1 ×G2.

Proof. Let (F,A)×̃(H,B) = (Q,C), where Q = A × B and for all (a, b) ∈ A × B, we have
Q(a, b) = F (a) × H(b). Since (F,A) and (H,B) are (∈,∈ ∨q)-fuzzy subgroups over G1 and G2,
respectively, then F (a) and H(b) are (∈,∈ ∨q)-fuzzy soft groups over G1 and G2 for all (a, b) ∈ A×B.
Also, for all x ∈ G1 and y ∈ G2, we write (F (a)×H(b))(x, y) = F (a)(x)∧H(b)(y). Hence, we obtain
Q(a, b) = F (a)×H(b) is a (∈,∈ ∨q)-fuzzy subgroup of G1 ×G2 for all (a, b) ∈ A×B. Consequently,
(Q,C) is a (∈,∈ ∨q)-fuzzy soft group over over G1 ×G2.

Definition 3.10. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. Then, (F,A)
is called (∈,∈ ∨q)-fuzzy soft subgroup of (H,B) if

(1) A ⊂ B
(2) F (a) is a (∈,∈ ∨q)-fuzzy subgroup of H(a) for all a ∈ A.

Theorem 3.11. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G. If F (x) ≤ H(x) for
all x ∈ A, then (F,A) is a (∈,∈ ∨q)-fuzzy soft subgroup of (H,B).

Proof. It is straightforward.

Theorem 3.12. Let (F,A) be a (∈,∈ ∨q)-fuzzy soft group over G, and {(Hi, Bi) | i ∈ I} be a
non-empty family of (∈,∈ ∨q)-fuzzy soft subgroups of (F,A), where I is an index set. Then,

(1)
⋂̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy soft subgroup of (F,A),
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(2)
∧̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy soft subgroup of (F,A),

(3) If Bi ∩Bj = ∅ for all i, j ∈ I, then
∨̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy soft subgroup of (F,A).

Proof. From Definitions 2.13 and Theorems 3.4, 3.5, the proofs of (1), (2) and (3) can be achived
similarly.

Theorem 3.13. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G, and (F,A) be
a (∈,∈ ∨q)-fuzzy soft subgroup of (H,B). If f is a homomorphism from G to K, then (f(F ), A)
and (f(H), B) are both (∈,∈ ∨q)-fuzzy soft groups over K and (f(F ), A) is a (∈,∈ ∨q)-fuzzy soft
subgroup of (f(H), B).

Proof. Since f is a homomorphism from G to K, f(F (x)) and f(H(y)) are (∈,∈ ∨q)-fuzzy subgroups
of K for all x ∈ A, y ∈ B. Therefore, (f(F ), A) and (f(H), B) are both (∈,∈ ∨q)-fuzzy soft groups
over K. If (F,A) is a (∈,∈ ∨q)-fuzzy soft subgroup of (H,B), then F (x) is a (∈,∈ ∨q)-fuzzy subgroup
of H(x), and f(F (x)) is a (∈,∈ ∨q)-fuzzy subgroup of f(H(y)) for all x ∈ A. We obtain (f(F ), A) is
a (∈,∈ ∨q)-fuzzy soft subgroup of (f(H), B).

Definition 3.14. Let (F,A) be a fuzzy soft set over G. Then, (F,A) is said to be a (∈,∈ ∨q)-
fuzzy normal soft group over G if F (x) is a (∈,∈ ∨q)-fuzzy normal subgroup of G for all x ∈ A.

Theorem 3.15. Let (F,A) be a (∈,∈ ∨q)-fuzzy soft group over G, and {(Hi, Bi) | i ∈ I} be a
non-empty family of (∈,∈ ∨q)-fuzzy normal soft subgroups of (F,A), where I is an index set. Then,

(1)
⋂̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy normal soft subgroup of (F,A),

(2)
∧̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy normal soft subgroup of (F,A),

(3) If Bi ∩ Bj = ∅ for all i, j ∈ I, then
∨̃
i∈I(Hi, Bi) is a (∈,∈ ∨q)-fuzzy normal soft subgroup of

(F,A).

Proof. It is similar to the proof of Theorem 3.12.

Theorem 3.16. Let (F,A) is a (∈,∈ ∨q)-fuzzy soft group over G and (F,A) is fuzzy soft isomorphic
to (H,B), then (H,B) is a (∈,∈ ∨q)-fuzzy soft group over K.

Proof. Since (F,A) is (∈,∈ ∨q)-fuzzy soft isomorphic to (H,B), that is G ' K and A ' B, then
f(F (x)) = H(g(x)) for all x ∈ A. So H(y) = H(g(x)) = f(F (x)) for all y ∈ B. From Lemma 2.20.,
we obtain f(F (x)) is a (∈,∈ ∨q)-fuzzy subgroup ofK andH(y) (∈,∈ ∨q)-fuzzy subgroup ofK. Thus,
(H,B) is a (∈,∈ ∨q)-fuzzy soft group over K.

Theorem 3.17. Let (F,A) and (H,B) be two (∈,∈ ∨q)-fuzzy soft groups over G and K, respectively.
Let (φ, ψ) be a fuzzy soft group homomorphism from (F,A) to (H,B). Then,

(1) If φ : G → K is a homomorphism of groups and ψ is a bijective mapping, then (φ(F ), B) is a
(∈,∈ ∨q)-fuzzy soft group over K,

(2) If φ : G → K is a homomorphism of groups, then (φ−1(H), A) is a (∈,∈ ∨q)-fuzzy soft group
over G.

Proof. (1) Let y ∈ B. Since ψ is bijective, then there exist a unique x ∈ A such that ψ(x) = y. Since
F (x) is a (∈,∈ ∨q)-fuzzy subgroup of G1, and φ homomorphism, then φ(F (x)) is a (∈,∈ ∨q)-fuzzy
subgroup of G2. Since ψ is bijective mapping, then φ(F )(y) = φ(F (x)) is a (∈,∈ ∨q)-fuzzy subgroup
over G2. Consequently, (φ(F ), B) is a (∈,∈ ∨q)-fuzzy soft group over G2.

(2) Since ψ(x) ∈ B for all x ∈ A and (H,B) is a (∈,∈ ∨q)-fuzzy soft group over G2, then
H(ψ(x)) is a (∈,∈ ∨q)-fuzzy subgroup of G2 for all x ∈ A. Moreover its homomorphic inverse
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image φ−1(H(ψ(x))) is also a (∈,∈ ∨q)-fuzzy subgroup of G1 for all x ∈ A. Hence (φ−1(H), A) is a
(∈,∈ ∨q)-fuzzy soft group over G1.

4 Conclusion
In this study, we have introduced the notion of (∈,∈ ∨q)-fuzzy soft groups. We have also defined the
notion of (∈,∈ ∨q)-fuzzy normal soft groups, and gave (∈,∈ ∨q)-fuzzy soft group homomorphism.
Moreover, we have investigated various properties of (∈,∈ ∨q)-fuzzy soft groups. As future work, the
application of the newly defined notions to the study of some algebraic structures (such as semigroups
and modules) could be further explored.
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