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Abstract

In this paper, second order rotatable designs of second type using pairwise balanced designs is suggested.
This design is compared with second order rotatable designs of first type using pairwise balanced designs
[17 on the basis of efficiency.
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1 Introduction

Response surface designs is a collection of mathematical and statistical techniques useful for analyzing
problems where several independent variables influence a dependent variable or response. Box and Hunter
[2] introduced designs having spherical variance function are called rotatable designs. Das and Narasimham
[3] constructed rotatable designs using balanced incomplete block designs (BIBD). Raghavarao [4]
constructed second order rotatable designs (SORD) using incomplete block designs. Draper and Guttman [5]
suggested an index of rotatability. Khuri [6] introduced a measure of rotatability for response surface
designs. Draper and Pukelshein [7] developed another look at rotatability. Park et al. [8] introduced new
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measure of rotatability for second order response surface designs. Das et al. [9] developed modified response
surface designs. Kim [10] introduced extended central composite designs (CCD) with the axial points are
indicated by two numbers. Victorbabu and Vasundharadevi [11] suggested modified second order response
surface designs using BIBD. Victorbabu [12] constructed modified SORD using a pair of BIBD. Victorbabu
et al. [13] studied modified second order response surface designs using pairwise balanced designs (PBD).
Victorbabu [14] suggested a review on second order rotatable designs. Victorbabu et al. [14] suggested
modified second order response surface designs using CCD. Victorbabu and Vasundharadevi [14] studied
second order response surface designs using symmetrical unequal block arrangements (SUBA) with two
unequal block sizes. Victorbabu [15] constructed modified SORD using a pair of SUBA with two unequal
block sizes. Park and Park [16] suggested the extension of CCD for second order response surface models.
Victorbabu and Surekha [17] suggested measure of rotatability for second order response surface designs
using incomplete block designs. Victorbabu and Surekha [18] developed measure of rotatability for second
order response surface designs using BIBD. Victorbabu et al. [19,20] studied measure of rotatability for
second order response surface designs using a pair SUBA with two unequal block sizes and pair of BIBD.
Kim [21] suggested modified slope rotatability using extended CCD. Jyostna and Victorbabu [22,23,24]
studied measure of modified rotatability for second degree polynomials using BIBD, PBD and SUBA with
two unequal block sizes. Jyostna et al. [25] suggested measure of modified rotatability for second order
response surface designs using CCD. Chiranjeevi et al. [26] extended the work of Kim [10] and suggested
second order rotatable designs of second type using CCD for 9<v<17 (v: number of factors). Chiranjeevi and
Victorbabu [27,28] developed SORD second type using SUBA with two unequal block sizes and BIBD.

In this paper, second order rotatable designs of second type using pairwise balanced designs is suggested.
This design is compared with second order rotatable designs of first type using pairwise balanced designs [1]
on the basis of efficiency.

2 Stipulations and Formulas for Second Order Rotatable Designs

Suppose we want to use the second order polynomial response surface design D = ((x;,)) to fit the surface,

Y11:b0+zv: bixi11+zv b x ij+z z biniquu+(pu 2.1
=1

i=1 i<j

where x;, represents the level of i factor (i=1,2,...,v) in the u™ run (u=1,2,...,N) of the experiment and @,

are uncorrelated random error with mean zero and variance o”. Then ‘D’ is said to be second order rotatable
designs (SORD) if the variance of Y (X, X,, ..., Xy) With respect to each of independent variable ( x;) is only

a function of the distance (d2=i x7) of the point (x1, X», ..., X,) from the origin (center) of the design. Such
i=1

a spherical variance function for estimation of responses in the second order polynomial model is achieved if

the design points satisfy the following conditions [29].

All odd order moments are zero. In their words when at least one odd power x’s equal to zero.

_ _ 2 _ _
1. inu—O,z Xiuxju—O,Z Xiuxju—O,Z XiquuXku_O’

3 _ 3 _ 2 —
z Xiu_o’z Xiquu_O’z XiquuXku_O’z XiquuXkuXIu_O'
for i#j#k#l; (2.2)
2. (i)z x; =constant=Np,

(i) ) x: =constant=cNy, for all i (2.3)
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3. foux?u =constant=Np,;foralli # j (2.4)

ﬁ>—v 2.5
i (el &

4 __ 2,2
5. inu_cz Xiquu (2.6)
where ¢, |1, and |, are constants.

The variances and covariances of the estimated parameters are

 (cHv-1)c*

V(b,)= :
7 Nlu,(ctv-1)-vp3]
A 02
V(b1 ): 9
Ny,
2
~ (e}
V(b)=—o:,
" N,
N [u4(C+V-2)-(V-1)2u§}
(c-DNp, [ py(ctv-1)-vp,

-,0°
N[ty (e Hv-1vic]

Cov(b,,b. )=

2 2
Cov(b;,by )= (1t4)o > and other covariances vanish. (2.7)
(C' 1 )N“4 [“4 (C+V' 1 )'Vuz ]

The variance of the estimated response at the point (X9, Xa9, -- ., Xyo) 18
V(§)=V(b,)+ | V(6,)+2Cov(b,.b,) |d>+V (b, )d*+

- ) - A (2.8)
> X 0X o [V(bij)+2COV(bii’bH)'ZV(b“)}

The coefficient of ZX?OX?O in the above equation (2.8) is simplified to (c-3)c”/(c-1)Np, .

A second order response surface design D is said to be SORD, if in this design c=3 and all the other
conditions (2.2) to (2.7) hold.
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3 SORD of First Type Using Pairwise Balanced Designs (cf. Tyagi [1]).

Let (v, b, 1, ki, ko, .., k,, L) denote parameters of PBD, k=sup(k;.k,...k,) and 2'® denote a fractional
replication of 2" in +1 or -1 levels in which no interaction with less than five factors is confounded.

[1-(v,b, 1, k., k,,...,k b A)] denote the design points generated from transpose of the incidence matrix

of PBD. Let [1-(V,b,r,k1,kz,...,kp,k)]Zt(k) are the b2'™ design points generated from PBD by

“multiplication” (cf. Raghavarao [30], pp 298-300), (+a, 0, 0, ...,0)2' denote the design points generated
from (za, 0, 0, ..., 0) point set. Let U denote the union of the design points generated from different sets of
points, ny denote the number of central points. The method of construction of SORD of first type using PBD
is given in the following result.

Result: The design points, [ 1 -(V,b,l‘,kl ,k2 ye ..,k p ,7»)]2 t(k)U (a,O ,...,O)ZIU (n 0 ) will give a
v-dimensional SORD of first type using PBD in N=b2t(k)-|-2v+n0 design points, with
s 2@
a =——.
2

The condition for the design will becomes an orthogonal design.

From equation 2 (i) of (2.3) and (3) of (2.4), we have

D xp =2 +2a*=Ny,

Zx.z x2 =W W=Ny,

u“ju
For the convenience N is replaced by M

By using the orthogonality condition we have

o=t

124252 H2®
M M

then we can obtain

o[ V22 9M 12

a’= - (for orthogonality)
3.1)

and the condition for the design will become rotatability is given bellow .

From equation 2 (ii) of (2.3) and 3 of (2.4), we have

D xp=r2®@+2a*=3Np,
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z x; x2 =A2W=Np,

iu“*ju

Then the rotatability condition equation (2.6), we have

4 __ 2 2
DXL =) XX,

= 12W+2a*=3(02'")

RO
=a'= (%j (for rotatability)
2 (3.2)

3.1 Proposed method of SORD of second type using pairwise balanced design

Let (v,b,rk; k;,...k,,A) denote a parameters of PBD, k=sup(k;,k,,...k;) and 2™ denote a fractional replication
of 2% in +1 or -1 levels in which no interaction with less than five factors are confounded.

[1-(v,b,r,k, ,kz,...,kp,K)] denote the design points generated from transpose of the incidence matrix of

PBD. Let [1-(v,b,r.k,,k,,....k, M12'% are the b2'™ design points generated from PBD by “multiplication”

(cf. Raghavarao [30], pp 298-300). We use the additional set of points like
(#a,,0,...,0),(0,2a,,0,...,0),...,(0,0,... +a,) and (£a, 0....,0),(0,2a,,0,...,0),...,(0,0,....a, ) are two sets

of axial points. Here (al,O,O,...,0)21U(a2,0,0,...,0)21 denote the 4v design points generated from

(a,,0,0....,0)&(a,,0,0,...,0) point sets. Let U denote the union of the design points generated from

different sets of points, and (ny) denote the number of central points. The method of construction of SORD
of second type using PBD is given in the following theorem.

Theorem 1: The design points,
[1-(v,b,r.k K,k )12 0U (a,,0,...,0)2' U a, ,0,...,0)2' U(n )

will give a v-dimensional SORD of second type using PBD in N=b2'® +4v+n, design points, with

) )
aj+a;= # (for rotatability).

Proof: For the design points generated from second order rotatable designs of second type using PBD,
simple symmetry conditions (2.2) are true. Further, conditions (2.3) and (2.4) are true as follows:

D xp,=r2W+2(a; +a3)=Np, (3.3)

D x5 =12V +2(a/+a3)=cNp,
(3.4)

Zx.z x2 =W Y=Ny, (3.5)

it ju
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209 (30r)

Solving equations (3.4) and (3.5), we get a; +a;= (for rotatability).

Example 1: We illustrate the theorem 1 to obtain SORD of second type using PBD with parameters
(v=9,b=11,r=5k,=5 k,=4.k,=3,1=2). The design points
[1-(9,1 1,5,5,4,3,2)]2‘(5)U(a1,0,0,...,0)21U(a2,O,O,...,O)ZIU(n():l) will give a v-dimensional SORD

of second type using PBD in N=213 design points with one central point. From (3.3), (3.4) and (3.5) we
have

> x;,=80+2(a; +a3)=Ny, (3.6)
D x}=80+2(a; +a3)=cNp, 3.7)
fouxfu =32=Np, (3.8)

From (3.7) and (3.8), we can obtain the rotatability value af+a;‘=8. Here we assume for an arbitrary value
a;=1, then we get a,=1.6266 and c=3 (for rotatability).

The non-singularity condition (2.5), we have

0.1502 - 9
0.1502 3+9-1

=1.0000 > 0.8182.

Hence the non singularity condition is also satisfied.

The variances and covariances of the estimated parameters are
V(b,)=0.02585"
V(b,)=0.01215>
V(b,)=0.0313c

V(b,)=0.01560"

Cov(b,.b,)=-0.0061c>

Cov(b,,b,)=0 (3.9)

ii 2
The variance of the estimated response at the point (X9, X20, - - -,Xyo) 1S

V(Y)=0.02585>+d*(-0.00016%)+d*(0.01566%) (3.10)
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Table 1 gives the values of the variance of the estimated responses for different factors using PBD.

Table 1 The variance of estimated response for different factors for 9<v<14.

Wb, E Kk kD) Mo N gaiial @ a v
©.115,5432) T 213 3 T 16266 (0025800001 4400156 4% 0
(10,11,5,5.4.2) L2178 L 16266 00276+ 0.0002 d*+0.0156 d*) &>
(13,15,7,7,6,5,3) 34 1046 64 28173 00072+ 0.0026 ¢ 0
(14,15,7,7,6,3) 30 1046 64 L2817 (00076400026 ¥y o?

4 Study of Orthogonality in SORD of Second Type Using PBD

An orthogonal design is one in which the terms in the fitted model are uncorrelated with one another and
thus the parameter estimates are uncorrelated. In this case, the variance of the predicated response at any
point x in the experimental region, is expressible as a weighted sum of the variance of the parameter

estimates in the model. For second order moments Z xizu and Z Xizuxil is difficult to obtain. This is because

the moments inzu andZ:x.2 x2 are necessarily positive. Hence, we consider the model with the pure

u“™ ju
quadratic terms correlated for their means. In regard to orthogonality, this model is often used for the sake of
simplicity in the calculation. A design is said to be orthogonal we shall investigate the restriction
2 2
(Z Xizu) =NZ X x> i.e (Nug) :N(NIJ.4) i.ep;=p, to get SORD of second type using PBD.

u“™ju

[ 1)y _ryt(k)
a’+a= N(/122 )12 (4.1)

It must be established the equation (4.1) makes SORD of second type using PBD an orthogonal system.
However N=b2'® +4v+n0, the value of (4.1) depends on v, ny and the design points of SORD of second

type using PBD. The following table 2 gives the values of orthogonality of second order response surface
methodology using various parameters of SORD of second type using PBD and central points (ng), the value

of 'a]2 +a§' makes orthogonal second order response surface designs by using SORD of second type using
PBD.

Let (v,b,r,k;.ks,...kp,A) denote a parameters of PBD, k=sup(k;,k,...k,) and 2'® denote a fractional replication
of 2 in +1 or -1 levels in which no interaction with less than five factors are confounded.

[1—(V,b,r,k],k2,...,kp ,A)] denote the design points generated from transpose of the incidence matrix of

PBD. Let [1—(V,b,r,k1,k2,...,kp,X)]zt(k) are the b2'™ design points generated from PBD by

“multiplication” (cf. Raghavarao [30], pp 298-300). We use the additional set of points like
(+a,,0,...,0),(0,%a,,0....,0),....(0,0.....£a,) and (*a,,0....,0),(0,£a,,0....,0)....,(0,0,... £, ) of two

sets of axial points. Here (al,0,0,...,0)21U(a2,0,0,...,0)21 denote the 4v design points generated from

(a,,0,0,...,0)U(a,,0,0,...,0) point set. Let U denote the union of the design points generated from

different sets of points, (ny) denote the number of central points. The method of study of orthogonality of
SORD of second type using PBD is given in the following theorem.

Theorem 2: The design points,
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[1-(v,b,r.k k,,...k ,0)]2"U(a,,0,...,0)2'U(a,,0,...,0)2'U(n,)

will give a v-dimensional SORD of second type using PBD in N=b2'® +4v+n, design points, with

INA21®) - p2'®
af+a§= ( ) -t

2

(fororthogonality).

Proof: For the design points generated from second order rotatable designs of second type using PBD,
simple symmetry conditions (2.2) are true. Further, conditions (2.3) and (2.4) are true as follows

2 %5, =12 +2(a] +a3)=Ny, (42)
Z x:=r2'®+2(a’+a3)=cNy, (4.3)
D XX, =22 =Ny, (44)

Solving equations (4.2) and (4.4) using u; =U,, we get

2
202’ +al) ) 2™

N N

then we obtain

2 pg2e JN(A2'1®) - r2'®

1 2 2

(fororthogonality).

Example 2: We illustrate the theorem 2 second order rotatable designs of second type using PBD with
parameters (v=9,b=11,r=5k,=5.k,=4 .k, =3,A=2). The design points
[1-(9,1 1,5,5,4,3,2)]2‘(5)U(a1,0,0,...,0)21U(a2,O,O,...,O)ZIU(n0=1) will give a v-dimensional SORD

of second type using PBD in N=213 design points with one central point. From (3.3), (3.4) and (3.5) we
have

> x5 =80+2(a;+a3)=Ny, (45)

D x{,=80+2(a} +a;)=cNp, (4.6)
2,2 _qAn__

Z X X5, =32=Np, (4.7)

From (4.5) and (4.7), using ui =u,, we can obtain the orthogonality value
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=a’+a

=1.2795.

2

,_J(213)x(32)-80

The values of orthogonality of SORD of second type using PBD for 9<v<14 with central points are given in
the following Table 2.

Table 2. Values of orthogonality of SORD of second type using PBD for 9<v<14

,11,5,5,4,3,2)

(10,11,5,5,4,2)

(13,15,7,7,6,5,3)

(14,15,7,7,6,3)

M=) N 22 =) N a2 (34) N 242 (0=30) N 22
no 21312795 g 217 1.6653 1046 0.0714 ny 1046 0.0714
ngtl 214 13763 ngtl 218 17612 ngtl 1047 01785 ngtl 1047 0.1785
ngt2 215 14729 n+2 219 18569 ngt2 1048 02855 ngt2 1048 0.2855
ngt3 216 15692 ngt3 220 19524 ngt3 1049 03925 ngt3 1049 0.3925
ngt4 217 1.6653  ngt4 221 20476 ngt4 1050 04994 ngt4 1050  0.4994

5 Efficiency Comparison for SORD of Second Type Using PBD with

SORD of First Type Using PBD

In this section, SORD of second type using PBD is used on the basis for estimating a specific coefficient in
the response surface model, SORD of second type using PBD is compared with SORD of first type using
PBD. This comparison criterion is based on the precision at which the coefficient is estimated. It is consider

as the numbers of experimental plots are required at same way.

For example in terms of estimating mixed quadratic coefficient b; (i), lets try to compare two experimental
designs, D; and D,. The number of experimental plots required in D; and D, are M and N respectively. The
relative efficiency of D; and D, is given by the following equation (see Myers [31], section 7.2).

Where

%)

N=b2'® +4v+n, (Design points in SORD of second type using PBD)

M=b2'¥ +2v+m, (Design points in SORD of first type using PBD)

{Var(b,)inD,} N

{Var(b,)inD, }M

(5.1)

In this case, in order to compare fairly, the experimental system should make the second product equal to

2
X.
value of Z iu

N

() X%, =0

(ii)%Zxﬁfl, (i=1,2,...,v)

. It must be scaled and for this the following scaling criteria will follows.

(5.2)
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5.1 Comparison in mixed quadratic coefficientb; (i # j)

02
Ny,
) (12 +2a;+2a3)

According to equation (2.7), V(f,ﬂ): , but this is before scaling equation (5.2) will be write in SORD of

second type using PBD. From (ii) of (5.2 each time making equation (5.2) will be is equal

to 1, i.e. (ii) =1, we will written as the scaling factor g
(5.3)
2

P2
o o) b2 +dvin,
8 2V +2a’+2a]
c

However the V(b;) is multiplied by with the scaling factor ‘g’ than the V(b;)= N

1 :
.— thatis
4

6" || 2W+2a’+2a] ’
VTR | b2
Ky v,

According to equation (5.1) the relative efficiency SORD of second type using PBD versus SORD of first
type using PBD in the mixed quadratic coefficient b;; is obtained as follows

2 1) a2 2
° rt(k) a (b2'®+2v+m,)
E(SORD of second type using PBD]_ Np, ( b2 4+2v+m,
. 2
SORD of first type using PBD o* (12%+2a24+2a2 (62" +4v+n, )
Ny, | b2 @ +4v+n, ’

_ (12 +2a”)* (b2'“+4v-+n,)
(12'W+2a} +2a2)* (62 +2v+m,)

(5.4)

SORD of first type using PBD
type using PBD is more efficient than SORD of first type using PBD.

1 b2"“+4v+n
24,2 t(k) 2 0 t(k)
W T N e aavm, e

From the values of (3.1) and (4.1) substitute in (5.4) and then we get the value of greater than 1. From this
orthogonal SORD of second type using PBD have the same degree of efficiency as orthogonal SORD of first
type using PBD, and consider the efficiency of SORD of second type using PBD is giving the better
efficiency than SORD of first type using PBD. Now, the efficiency comparison of SORD of second type
using PBD versus SORD of first type using PBD with rotatability. Substituting the values of (3.2) into (5.5)
and we evaluated that the SORD of second type using PBD will be more efficient than the previous SORD
of first type using PBD with rotatability.

From equation (5.4) the condition that E[SORD of second type using PBDJ>1, than the SORD of second
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12®

- t(k) (k)
PR e | e

2 b2'“+2v+m, 5:6)

For example, in SORD of first type using PBD when (v=9,b=11,r=5k,=5k,=4,k,=3,A=2) and m,=1
then we get M =195 then a=1.6818 and ny=1, then the equation (5.6)

a;+a3<4.7599 (5.7)

Among the rotatability of SORD of second type using PBD, it is easy to find an experimental plan that
satisfies the equation (5.7). For example in SORD of second type using PBD with a;=1, a,=1.6266 satisfy

the rotatability property equation (3.7), and af+a§=3.6458 as it satisfies the equation (5.7) as well, it is

more efficient than the rotatability SORD of first type using PBD. Then the relative efficiency of SORD of
second type using PBD versus SORD of first type using PBD equation (5.4) is as follows.

(80+2(2.8285))*(176+36+1) _

1.0518
(80+2(3.6458))*(176+18+1)

5.2 Comparison in the pure quadratic coefficient b;;

Now this time in terms of estimating the pure quadratic coefficient by, the efficiency of SORD of second
type using PBD is comparing with SORD of first type using PBD, here the scaling factor the equation (5.2)
is applied. The relative efficiency SORD of second type using PBD versus SORD of first type using PBD is
as follow based on the equation (5.1)

5 20424’
el

2
(k)
b2“k)+2v+m0] (b2 +2v+m0)

c
E[SORD of second type using PBDJ:
SORD of first type using PBD 0 49a2 1952
e 2228V s
b2 +4v+n,

e (rZ‘(k) +2a’ )2 (bZ‘(k) +4v+n0)

i (5.8)
eQ(rZ‘(k)+2a12+2a§) (bz‘(k)+2V+m0)

Where,
e,=v(b,) inSORD of first type using PBD
and
e,=v(b,;) inSORD of second type using PBD.
For example, in SORD of second type using PBD of design (v=9,b=11,r=5k,=5k,=4,k,=3,A=2),

n,=1, a;=1, a,=1.6266, ¢,=0.0156 and in SORD of first type using PBD my=1, a=1.6818, ¢;= 0.0174, lets us
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compare the relative efficiency of SORD of second type using PBD versus SORD of first type using PBD,
if you get the equation (5.8) as 1.1731, then we conclude that the SORD of second type using PBD is more
efficient than SORD of first type using PBD.

5.3 Comparison in terms estimating the first order coefficient b;

It can be developed in the same process of the V(b;) by multiplying the scaling factor then
2 2

V(b,):c— is to be multiplied by 1/g’ then we get, V(b.):G— similarly the V(b is
Y (12M+2a7 +2a2) Y (2% 4v+n,)
2
multiplied by scaling factor in SORD of first type using PBD then we obtained V(bi)=6— SO

(2'“+2v+n,)

finally we compare the relative efficiency of g SORD of second type using PBD | 45 it obtained 1, then the
SORD of first type using PBD

efficiency of SORD of second type using PBD is more efficient than SORD of first type using PBD.

6 Conclusion

In this paper, SORD of second type using PBD is developed The variance covariance of the estimated
parameters are studied and we evaluated for the SORD of second type using PBD is most orthogonal for
second order response surface designs and the results of the orthogonality are also provided in the paper.

The comparison between the SORD of second type using PBD versus SORD of first type using PBD for
different coefficients are studied then we conclude that the SORD of second type using PBD is more

efficient than SORD of first type using PBD. It is convenient to use the practical situations and give the
more efficiency when compared to SORD of first type using PBD.
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