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Evaluating efficiency according to the different states of returns to scale (RTS) is crucial to resource allocation and scientific decision
for decision-making units (DMUs), but this kind of evaluation will become very difficult when the DMUs are in an uncertain
random environment. In this paper, we attempt to explore the uncertain random data envelopment analysis approach so as to
solve the problem that the inputs and outputs of DMUs are uncertain random variables. Chance theory is applied to handling
the uncertain random variables, and hence, two evaluating models, one for increasing returns to scale (IRS) and the other for
decreasing returns to scale (DRS), are proposed, respectively. Along with converting the two uncertain random models into
corresponding equivalent forms, we also provide a numerical example to illustrate the evaluation results of these models.

1. Introduction

Data envelopment analysis (DEA) initiated by Charnes et al.
[1], known as the CCR (Charnes, Cooper, and Rhodes)
model, is one of the effective tools to evaluate efficiencies of
DMUs with multiple inputs and multiple outputs. However,
Banker [2] demonstrated that the CCR model only regarded
that DMUs with constant returns to scale (CRS) were effi-
cient. CRS is one of the states of returns to scale (RTS). Based
on the RTS theory, RTS can be divided into three states as
CRS, IRS (increasing returns to scale), and DRS (decreasing
returns to scale) in accordance with the difference of output
increment caused by input increment [3]. Subsequently,
Banker et al. [4] proposed the BCC (Banker, Charnes, and
Cooper) model to identify the efficient DMUs in the three
states of RTS. The results revealed that the different states
of RTS would affect the results of efficiency evaluation
indeed. Afterwards, Fare and Grosskopf [5] refined the
approach on measuring efficiencies of DMUs which exhibits
DRS, and Seiford and Thrall [6] further estimated DMU’s
efficiency under IRS.

Along with the states of RTS affecting the results of effi-
ciency evaluation, the inputs and outputs of DMUs that are

not always observed accurately may affect the efficiency
results as well. For example, early studies in DEA considered
that such inputs and outputs as capital and labor are regarded
as precise data. With more factors like carbon emission and
social benefit taken into account in inputs and outputs now-
adays, the traditional models are not suitable for dealing with
these imprecise data. Then, some scholars regard these vari-
ables as random variables and treat them with probability
theory. Therefore, many stochastic DEA models have been
put forward including Li [7], Khodabakhshi et al. [8], and
Cooper et al. [9].

However, some other scholars claim that these variables
should be considered as uncertain variables because the
uncertainty theory demonstrated that if the distribution
function of a variable is not close enough to its real frequency,
then it is better to treat it as an uncertain variable rather than
a random variable [10]. Therefore, some uncertain DEA
models are proposed via the application of uncertainty the-
ory (Wen et al. [11], Lio and Liu [12], Jiang et al. [13], and
Alireza and Lio [14]).

When the external environment becomes more complex,
the imprecise inputs and outputs of DMUs may be not only a
single random variable or uncertain variable but also both of
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them. In this case, some scholars attempt to take the uncer-
tain random variables into account and propose uncertain
random DEA models to estimate DMU’s overall efficiency
(Jiang et al. [15]) and technical efficiency (Jiang et al. [16]).
However, a specific uncertain random model of examining
the influence of RTS on efficiency evaluation does not exist
currently. Motivated by this, this paper proposes two uncer-
tain random models by applying chance theory [17] to deal-
ing with uncertain random variables. One model is for
estimating the DMUSs’ efficiency under IRS, and the other
one is for DRS.

The remainder of this article is organized as follows. The
second section will present a number of basic knowledge of
uncertainty theory and chance theory. The third section will
introduce the new uncertain random DEA model for IRS,
and the equivalent form will be verified. The fourth section
will introduce the new uncertain random DEA model for
DRS, and the equivalent form will be verified as well. A
numerical example to test two new uncertain random DEA
models will be provided in the fifth section. The final section
will make concluding remarks.

2. Preliminaries

In this part, we will briefly introduce the primary concepts
and theorems of uncertainty theory and chance theory for
the preparation to structure the new uncertain random
DEA models in the next two sections.

2.1. Uncertainty Theory. As a powerful mathematical tool for
dealing with uncertain variables and analyzing the belief
degree, uncertainty theory was founded by Liu [10] in 2007.
The uncertain measure M was defined as a set function on
a o-algebra Z over a nonempty set I' by the following
axioms:

Axiom 1 (normality axiom). M{I'} = 1 for the universal set I".

Axiom 2 (duality axiom). M{A} + M{A} =1 for any event
A.

Axiom 3 (subadditivity axiom). For every countable sequence
of events A, A,, -+, we have

m{B 4} < zM{A,}. (1)

Then, Liu [18] proposed a product axiom in 2009.
Axiom 4 (product axiom). Let (I'y, &, M,) be uncertainty

spaces for k=1, 2, ---. The product uncertain measure M is
an uncertain measure satisfying

M {ﬁAk} = kz\ol Mi{ A} )
k1

where A, are arbitrarily chosen events from &} for k=1, 2,
.-+, respectively.
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Definition 5 (Liu [10]). An uncertain variable is a function &
from an uncertainty space (I', &, M) to the set of real num-
bers such that {& € B} is an event for any Borel set B of real
numbers.

Definition 6 (Liu [19]). An uncertain variable & is called linear
if it has a linear uncertainty distribution

0, ifx<a,
D(x)={ T ifa<xsh, (3)
L, ifx>b,

denoted by Z(a, b) where a and b are real numbers with
a<b.

Definition 7 (Liu [19]). Let & be an uncertain variable with
regular uncertainty distribution ®(x) . Then, the inverse func-
tion @' (a) is called the inverse uncertainty distribution of &.

Theorem 8 (Liu [19]). Let &, &,, ---, &, be independent uncer-
tain variables with regular uncertainty distributions @, ®@,,
-+, @, respectively. If f(x;,x,,++,X,) is continuous, strictly
increasing with respect to x;, x, -+, X,,, and strictly decreasing

with respect t0 X, 1> X400 > X,y then

E:f(EI’EZ"”>En) (4)

has an inverse uncertainty distribution

Theorem 9 (Liu and Ha [20]). Assume &,,&,, .-+, &, are inde-
pendent uncertain variables with regular uncertainty distribu-
tions @, D,, ---, D,, respectively. If f(&,,&,,---,E,) is strictly
increasing with respect to &, &, ---, &, and strictly decreasing
with respect to &, 1, &, 5, -+, &, then

£=f<§1)52)'“’£n> (6)

has an expected value

Uncertainty theory was subsequently studied by many
researchers over the past decades, and many scholars have
used uncertainty theory to model dynamic systems with
uncertainty.

2.2. Chance Theory. Chance theory was put forward by Liu
[17] in 2013 for modeling a complex system with the coexis-
tence of uncertainty and randomness. Some elementary
features and properties on uncertain random variables are
defined as follows.
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Definition 10 (Liu [21]). An uncertain random variable is a
function & from a chance space (I', Z, M) x (Q, o, Pr) to
the set of real numbers such that {& € B} is an event in & x
gl for any Borel set B of real numbers.

Definition 11 (Liu [21]). Let & be an uncertain random
variable. Then, its chance distribution is defined by

@(x) =Ch{&<x} (8)
for any x € R.

Theorem 12 (Liu [17]). Let 4, #,, --+, 11, be independent ran-
dom variables with probability distributions ¥, ¥, -+, ¥, ,
and let T,,7,, .-+, T, be independent uncertain variables with
regular uncertainty distributions Y, Y,,---, Y, , respectively.
Assume f(1,, Ny My Ty Tor e 5T,) IS continuous, strictly
increasing with respect to T, T, --+, T, and strictly decreasing
with respect t0 T, 1, Ty, =**> T,, . Then, the uncertain random
variable

E=f(Np My My T To 55T,) ©)

has a chance distribution

O(x) = J CEQypyp ) dY i (y)d¥ () o d¥ (0,),

(10)

R

where F(x3¥,, )5 +),,) is the root « of the equation

FOpye ey Vil (@)Y (@), Vi (1= @)Y, (1 - @) = x.

(11)
Theorem 13 (Liu [17]). Let 4, ,, --+, 11, be independent ran-
dom variables with probability distributions ¥, ¥, -+, ¥, ,
and let T,,7,, -+, T, be independent uncertain variables with

regular uncertainty distributions Y, Y,,---, Y, , respectively.
If f is a measurable function, then

E=f(Mp My My T T 55T,) (12)

has an expected value

EE)= [ GOyt A1 0)505) - 42, 3,
(13)
where
GOp Y2 Ym) =ES (Y Y T T T,)] (14)
is the expected value of the uncertain variable f(y;, ¥y,

Ty, Ty oo5T,) for any real numbers y,,y,, -+, y,, and is deter-
mined by Y,, Y, -+, Y.

Theorem 14 (Liu [17]). Let #,,#, -1, be independent
random variables with probability distributions ¥, ¥, -+,
¥, and let T,,7,, -+, T, be independent uncertain variables
with regular uncertainty distributions Y, Y,,---, Y, , respec-
tively. If f(1,»*M,» Tps+5T,) i a continuous and strictly
increasing function (or strictly decreasing function) with
respect to T, -+, T, , then the expected function

E[f (N M TporTp)] (15)

is equal to

[, £ O Vi@, ) ) - )
(16)

Based on the knowledge above, the two new uncertain
random DEA models will be created in the following section.

3. Uncertain Random DEA Model for IRS

When the inputs and outputs of DMUs cannot be observed
precisely, some of them were regarded as random variables
and treated by probability theory, while some others were
regarded as uncertain variables and treated by uncertainty
theory. But in a more complex environment, the coexistence
of random variables and uncertain variables in DMUs may
occur. Therefore, a new approach to deal with uncertain ran-
dom variables in estimating efficiency is necessary.

Suppose the number of DMUs is r. For each k with 1 <
k<r, the kth DMU consumes a random input vector x;
and an uncertain input vector x; to produce a random output
vector y, and an uncertain output vector y,. For each DMU ,
we artificially set the expected ratio of weighted outputs to
weighted inputs which is always less than or equal to unity,
ie.,

E [VTj’k + VT)’k

<1, k=121, 17
Ile.’?VCk+uTxk:| ( )

where #, u, v, and v are nonnegative weight vectors. Sub-
ject to constraint (17), only a DMU which has CRS can find
out a set of favorable weights (%", u*, ¥*, v*) such that the
expected ratio of this DMU reaches up to 1, by which a
DMU can be regarded as efficiency. The reason is that the
increment of inputs of the DMU which exhibits CRS is equal
to that of outputs.

According to the RTS theory, if the proportionate
increases in outputs are larger than the proportionate
increases in inputs, then the state of increasing returns to
scale (IRS) arises [3]. In order to clarify the influence of IRS
on efficiency values, we artificially set a factor, denoted as w
, to adjust the proportion difference among input increment
and output increment caused by IRS, and then, the constraint
(17) is modified to



£ {vTj/k + vak -w

<1, k=1,2,--,1, 18
i{T&'k'FuTxk :| ( )

where w is less than or equal to 0, i.e., w<0. The new con-
straint (18) allows a DMU which exhibits IRS to also find out
a set of favorable weights (#, u*, ¥*, v*) such that the
expected ratio of this DMU reaches up to 1. In this way, the
DMUs under IRS can be considered efficient as well. In order
to verify if the target DMU, distinguished by subscript “o0,” is
efficient under IRS, we may solve the following uncertain
random DEA model:

{VT}NJO + vao - w}

max s =E uTx, + ulx
() o

u U, va
subject to :

E [vTj/k + vak -w

(19)
T~ T Sl) k=112)"')r)
u xk+u Xk

u, u, v,v =0,

w<0,

where X, y,, x;, and y, are uncertain input vectors,
uncertain output vectors, random input vectors, and random
output vectors of DMU, k=1,2, ---, r, respectively; u, v, 1,
and v are nonnegative weight vectors; and w < 0.

Definition 15 (IRS efficiency). DMU |, is regarded IRS efficient
if the optimal value 9z of ((19)) reaches up to 1.

Theorem 16. Let uncertain variables X, -++, 5ckj,~)7k1, ---,j/kn
be independent with uncertainty distributions Y, -+, Yy,
My, -+ Iy, , and let random variables Xy, -+, X Vip **>
Yim be independent with probability distributions @y, ---,
Dy Virr > Wi k=1,2, -+, 1, respectively. Then, the new
uncertain random DEA model for IRS ((19)) can be indicated
as follows:

dvcdd) o(hy)d¥(z,)

max 9=
uuvvw

U
[ ‘.lz;nlpop"'Ztnlvn ()_
Oqu q oq+Zs IuSYOS(I

subject to :

P
J Jl ZZZ pzkp+2?lvtnkt( )-w
R0

dad®y (hy)d¥, (z,) <
qu qhkq+z Iqus( )

i
k=1,2,--,1

= (i1, By i) 20,
u=(up, tystt;) 2 0,
V= (V) VprsVy) 20,
V=V VarVyy) 20,
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where
d(Do (ho> = d(pol (h ) d(DDZ( ) d(Doz(haz)
d‘Po(zo) = dlpol( ) leoZ( 02) leom (Zam) (21)
dq)k(hk) d(Dkl (hkl) d®k2(hk2) dq)kz(hkz)’
d¥y () = AV (21,), A¥ 2(22) -+ A o (P -

The uncertainty distributions of X,;, -
are ?01: * i’/o] and ﬁol’
butions Of Xo1> " Xoip Yop **
Y, respectively.

s "ioj’ 5}01"“’5/%
,I1,,, and the probability distri-
Yo a1 Dy, Dy W)

o1

Proof. Since the function (vI'y, + 7"y, — w)/(u"x, + " %;) is
a measurable function for each k with 1 <k<r, it follows
from Theorem 13 and we can obtain

T, o ~Tx
viy +vy —w
g= NI (22)
u xk+u Xk

has an expected value

hiis Zis > Zi ) APy (hy ) AWy (24

£E)=| Gl

Rt

m+i

(23)

fork=1,2,---, r, where

T ~T~
VgtV Y —w
G(hkl) ) hkia Z1s 0 ka) =E l—‘| ,

uThk + ilT.Sek
(24)
dq)k(hk) = dq)m(hm)d‘pkz(hkz) d(pki(hki)’
¥y (z) = d¥1 (211)dY 12 (2k2) *** AY ko (Zm)»
k=1,2,---,r

For each k with 1 <k<r, since the function (v'z, +¥"
7, —w)/(uThy +@"%,) is strictly increasing with respect to
¥, and strictly decreasing with respect to X, by using Theo-
rem 8, we can get the inverse uncertainty distribution is

S|
Z;”wpzkp+27lv Hkt( )—w

. (25)
Zq 1 qhkq"'z 7N Yk (1-a)

R ()=

Moreover, from Theorem 14, we can obtain

da,

E szk + T/T)?k -w
uThk + ilsz'k

~ =1

] _ Jl Ype1VpZhp + Lic Vil (@) —w
= . ——

0 Z;:luqhkq + 21:1 usYks (1 - (X)

(26)
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k=1,2,---,r. Then, the equivalent form of equation (23) is

1ym Y T ) -
E[E] _ J J Z[;szkp + Zt;lvj ~k_t1(“) w doc(Dk(hk)d‘I’k(zk),
R, J0 Zq=luqhkq + 25=lus Yks (1 - 06)
(27)
where
d®y (hy) = dDy (hy ) dDs, (hyy) -+ APy ()5 (28)

d¥(zy) = ¥4 (211)d¥ 10 (212) *+* AY o (Zkm)>

k=1,2,---,r. The proof is completed.

4. Uncertain Random DEA Model for DRS

In this part, we propose the uncertain random DEA model
for DRS. According to RTS theory, if the proportionate
increases in outputs are smaller than the proportionate
increases in inputs, then the state of decreasing returns to
scale (DRS) prevails [3]. Then, the constraint (17) is modified
to

T T

v +v -—w

E{i}l—yk}ﬁl, k=121, (29)
u' X+ ulx,

where w is greater than or equal to 0, i.e., w > 0. The new
constraint (29) allows a DMU which exhibits DRS to also
find out a set of favorable weights (#*, u*, ¥*, v*) such that
the expected ratio of this DMU reaches up to 1. In this way,
the DMUs under DRS can be considered efficient as well.
We still distinguish target DMU by subscript “o,” then verify
if it is efficient under DRS, and may solve the following
uncertain random DEA model:

max 9ppg=E

UV, v,w

Vi, + vy, —w
ulx, +u’x,

subject to :

T T, _ 30
E{M}SL k=12, (30)
u xk+u Xk

u, u, v,v=0,

w=0,

where X, ¥, X, and y, are uncertain input vectors,
uncertain output vectors, random input vectors, and random
output vectors of DMU,, k=1,2, ---, 1, respectively; u, v, 1,
and v are nonnegative weight vectors; and w > 0.

Definition 17 (DRS efficiency). DMU , is regarded DRS
efficient if the optimal value 954 of ((30)) reaches up to 1.

Theorem 18. Let uncertain variables X, ~-,5ckj,~)7k1, ---,j/kn
be independent with uncertainty distributions Y, -+, Yy,

II,,, -+~ Iy, , and let random variables x;,, -+, x;,, Vi
Yim be independent with probability distributions @y, -+,

Dii» Yipr s Vi k=1,2, -+, 1, respectively. Then, the new
uncertain random DEA model for DRS ((30)) can be indicated
as follows:

-1

J Jl z;n:lvpzop + z:’:latﬁot ((X) B wdﬂtdq) (h )d‘y (Z )
% oMo o\%o

max Ippe = - ———
0 Z:I:I uqhoq + Zi:]usyos (1 - OC)

TRTRRTAT]

subject to :

m n ol
J jl Yo Vi + thzvtnkt (a)-—w dad®, (hy )d¥, (z,) < 1
R

: = ol
e 0 Z;:I”qhkq + zizlusyks (1 - 0()

k=1,2,--,r
= (i iy nil;) 2 0
u=(up gy osthy) 2 0,
V=V Vpree¥,) 20,
V= (Vs VareVy) 20,
w > 0.
(31)
where
dq)o (h(!) = d®01 (hol)’ d®02(h02) e d®oi(hai)’
d‘yo(zo) = dlpal (Zol)’ d‘POZ(ZOZ) leam (Zam>’ (32)

dq)k(hk) = d(Dkl(hkl)’ dCDkz(hkz) dq)ki(hki)’
d¥y(zy) = d¥;(211)> A¥ 12(2k2) =+ AY o (B -

The uncertainty distributions of X,;, s Xop Yorr > Yon
are Y, , -, i’oj and I1,,, ---,I1,,, and the probability distri-
butions of X,p, > Xp» Vor» Vo
W, respectively.

Yo Are Dy, -+, D

oi’
om’
Proof. Since the function (vI'y, + "y, — w)/(u"x, + ' %;) is

a measurable function for each k with 1 <k<r, it follows
from Theorem 13 and we can obtain

~T~
=vak+v Ve—w (33)
ulx, + "%,

has an expected value
E[¢] = Jm* Glhyys s s Zgys =+ Zpy ) ADQy (hy ) d Wy (74)

(34)

for k=1,2,---, r, where
T ~T ~
Vige+ vy —w
G(hkl’“.’ hki’Zkl"'.’zkm):E[—T T ]
ulh, +u x

(35)
Ad®, (hy) = dDyy (M )dDsy (yy) -+ Dy (i)

¥y (7)) = d¥ 1 (240 )A¥ 12 (212) +++ A o (Zim )

k=1,2,--,1.
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TasLE 1: Fifteen DMUs with three inputs and three outputs.
DMU, ) Ol}tput variables ) II}put variables
¥, (uncertain) ¥, (uncertain) y5 (random) X, (uncertain) X, (uncertain) x5 (random)

1 Z(51,65) 2(45,55) U(60,78) £(8,13) £(10,15) U(9, 14)

2 Z(64,71) £(60,69) U(76, 88) £(17,20) £(12,19) U(10, 16)
3 Z(55,60) £(80,96) U(77,89) £(10,19) £(11,20) U(10,21)
4 Z(47,55) £(79,95) U(62, 80) Z(15,24) Z£(12,21) U(12,23)
5 Z(49,62) Z(54,67) U(60,75) Z(10,16) Z(13,19) U(14,17)
6 £(46,52) £(55,68) U(65,76) Z(11,19) £(16,22) U(13,19)
7 £(52,60) £(67,80) U(70, 83) Z(13,21) £(10,17) U(12,18)
8 Z(54,67) Z(65,75) U(55,69) (11, 16) Z(14,20) U(8,16)

9 (45, 55) Z(62,76) U(63,78) £(10,15) Z(8,12) U(14,21)
10 Z(48,57) Z(54,63) U(60,73) Z(11,17) £(9,18) U(8,17)
11 Z(56,69) £(64,76) U(66, 83) Z(8,12) £(10,20) U(11,18)
12 Z(60,78) Z(63,70) U(74, 83) Z(6,13) Z(7,15) U(15, 20)
13 Z(58,66) Z(80,97) U(78,90) Z(5,11) Z(12,25) U(10,17)
14 £(47,58) £(68,78) U(70, 88) Z(12,19) £(14,22) U(14,25)
15 (44,53) Z(53,69) U(63,72) (14, 20) Z(9,15) U(13,21)

For each k with 1<k<r, since the function (v7z,+v' 5. A Numerical Example

7 —w)/(uThy +@"%,) is strictly increasing with respect to
¥, and strictly decreasing with respect to x;, by using Theo-
rem 8, we can get the inverse uncertainty distribution is

=1
Z;nzlvpzkp + X Vel Ty (@) —w

A T~ 1 .
z;zluqhkq + Zizl usYks (1 - 0()

R () = (36)

Moreover, from Theorem 14, we can obtain

da,

o S|

E vz +915, —w 3 Jl Zgllvpzkp + Y Vel Ly (o) —w
~T~ - ; i o~ o1

ulhy + i x; 0 Y omitghiy + Yl Y (1-a)

(37)

k=1,2,---,r. Then, the equivalent form of equation (34) is

m n o~ =1

= [ B T g g
= ; —— k() ¥y (zy )

Ry 0 Zq:luqhkq + Zi:lusyks (1 - “)

(38)
where

dq)k(hk) = d‘Dm(hm)d‘Dkz(hkz) d®ki(hki)’
Ay (z) = d¥ 1 (210 )AY 12 (212) *** AY 1 (Zm)»

k=1,2,---,r. The proof is completed.

In order to examine the two new uncertain random DEA
models, this section presents fifteen DMUs with three inputs
and three outputs to demonstrate an illustrative example.
Among these inputs and outputs, two inputs and two outputs
are uncertain variables subject to linear uncertainty distribu-
tions represented as Z(a, b), and one input and one output
are random variables subject to uniform distributions repre-
sented as U(a, b). The original data of these DMUs are pro-
vided in Table 1.

According to the data in Table 1, we can obtain each
DMU’s IRS efficiency by calculating the optimal value ;g
of model (19) and DRS efliciency by calculating the optimal
value 9fzs of model (30). In addition, to further clarify the
influence of RTS on efficiency values, we have also examined
two other cases, one for overall efficiency and the other for
technical efficiency. If w =0, overall efficiencies of DMUs
can be calculated, represented as #*, and technical efficiencies
of DMUs, represented as ¢*, can be gained under the condi-
tion that w is unconstrained in sign. The results of the four
kinds of efficiencies of each DMU are shown in Table 2.

As shown in Table 2, the second column represents
DMUs’ IRS efficiencies. It is obvious that the five DMUs
are IRS efficient because the optimal values 9z of them reach
up to 1, and the other ten are IRS inefficient. Similarly, four
DMUs are DRS efficient shown in the third column. Among
these efficient DMUs, some like DMU 5, DMU 4, and DMU
are IRS efficient but DRS inefficient, while some like DMU ,
and DMU , are DRS efficient but IRS inefficient. However,
there are also two DMUs (DMU ;, and DMU ;) that are
both IRS efficient and DRS efficient. Does it mean that these
two DMUs are overall efficient as well?
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TaBLE 2: The efficiency evaluation results of different uncertain
random DEA models.

Optimal values

=
=
S

Irs Ibgs n 9"
1 0.9702 1.0000 0.4366 1.0000
2 0.9745 1.0000 0.5699 1.0000
3 1.0000 0.8829 0.5678 1.0000
4 0.8784 0.8803 0.2686 0.9185
5 0.6766 0.4042 0.3251 0.8219
6 0.6584 0.3746 0.3433 0.6062
7 0.9542 0.4382 0.3451 0.9583
8 1.0000 0.5223 0.3661 1.0000
9 1.0000 0.8316 0.3600 1.0000
10 0.7588 0.4123 0.3535 0.9047
11 0.9569 0.7897 0.4859 0.9405
12 1.0000 1.0000 1.0000 1.0000
13 1.0000 1.0000 1.0000 1.0000
14 0.7667 0.7667 0.3275 0.7362
15 0.7525 0.3414 0.4764 0.6200

Overall efficiencies of DMUs are exhibited in the fourth
column of Table 2, represented as #*. It is clear that only
two DMUs, DMU ;, and DMU 5, can be regarded as overall
efficient among fifteen DMUs. Therefore, it can be inferred
that if a DMU prevails IRS efficiency and DRS efficiency
simultaneously, it prevails overall efficiency as well. The
result is in accordance with the assumption that the efficiency
value is affected by the RTS state.

The last column shows DMUS’ technical efficiencies, rep-
resented as ¢@*. There are a total of seven DMUs that can be
considered technical efficient. The number is just the aggre-
gation of DMUs which are both IRS efficient and DRS effi-
cient. This phenomenon demonstrates that the technical
efficiency compounds three kinds of different efficiencies
caused by RTS, although it cannot differ IRS efficiency and
DRS efficiency.

6. Conclusions

In this paper, we introduced two new models, uncertain ran-
dom DEA model for IRS and uncertain random DEA model
for DRS, so as to focus on efficiency evaluation of DMUs
under the uncertain random environment. Meanwhile, we
presented the equivalent forms of the two new models and
provided detailed proof processes. Finally, a numerical exam-
ple was given to demonstrate the evaluation results of these
two models. Considering the situation that uncertain vari-
ables and random variables coexist in the inputs and outputs
of DMUs simultaneously, our work broadens the application
of chance theory in efficiency evaluation in practice. In addi-
tion, this paper is also expected to be applied in the field of
logistics in the future.
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