Journal of Advances in Mathematics and Computer Science

Volume 37, Issue 12, Page 41-51, 2022; Article no.JAMCS.94229
. < ISSN: 2456-9968
- (Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

On Products of Composition and
Differentiation Operators

Salih Yousuf Mohamed Salih ** and Shawgy Hussein "

& Department of Mathematics, College of Science, University of Bakht Al-Ruda, Sudan.
® Department of Math, College of Science, Sudan University of Science and Technology, Sudan.

Authors’ contributions

This work was carried out in collaboration between both authors. Both authors read and approved the final
manuscript.

Article Information

DOI: 10.9734/JAMCS/2022/v37i121727

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and additional Reviewers, peer review
comments, different versions of the manuscript, comments of the editors, etc are available here:
https://www.sdiarticle5.com/review-history/94229

Received: 02/10/2022
Accepted: 06/12/2022
Published: 21/12/2022

| Original Research Article

Abstract

In this paper we consider products of composition and differentiation operators on the Hardy spaces. We
provide a complete characterization of boundedness and compactness of these operators. M. Moradi and M.
Fatehi [1] obtain the explicit condition for these operators to be Hilbert-Schmidt operators. We have a
theoretical application on the composition operators with series of perfect symbols.
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1 Preliminaries

For D be the open unit disk in the complex plane C. The Hardy space H? is the Hilbert space of all analytic
functions f; on D such that
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. 1 21 . 2
I £ 2= mEL Z|fj(rele)| d < o. (11)
J
It is well known that the Hardy space H? is a reproducing kernel Hilbert space, with the inner product

1 27 o
(f,-.g]-)=§f0 Zf,-(el")g,(ele)d& (1.2)
j

and with kernel functions Kv(ﬂ)(z) N Py (1 where n is a non-negative integer and z,w; € D. These

)n+1’

kernel functions satisfy <jj,K(")> f].(")(wj) for each f; € H?. To simplify notation we write KW]. incasen =
. 2 1 A - .

0. In particular note that 3, [|K,,|* = X, Kw,(w)) = ij. Let f;(n) be the nth coefficient of £ in its

Maclaurin series. Moreover, we have another representation for the norm of f; on H? as follows

I f; 2= Z Z If;()|? < . (1.3)
n=0 j

The space H is the Banach space of bounded analytic functions f; on D with ||f;|| = sup X{|f;(2)|: z € D}.

For ¢; an analytic self-map of D, the composition operator Cz<p,- is defined for analytic functions f; on D by
ZC(p].(f,-) =X fjoe;. It is well known that every composition operator Cz<p,- is bounded on H? (see [2.
Corollary 3.7]). For each positive integer k, the operator D™ for any fi € H? is defined by the rule
D () = ij(k). This operator is called the differentiation operator of order k. For convenience, we use the

notation D when k = 1. The differentiation operators D™ are unbounded on H?, whereas Ohno [3] found a
characterization for Cy, D and DCy ,; to be bounded and compact on H?. The study of operators Cy ;D and

DCy o; Was initially addressed by Hibschweiler, Portnoy, and Ohno (see [4] and [3]) and has been noticed by
many researchers ([5,6], and [7]). [1] be considering a slightly broader class of these operators.

M. Moradi and M. Fatehi [1] showed explicit improvement raised condition for the composition and differential
operators.

Massimo Sorella, Riccardo Tione [8] showed the four-state problem and convex integration for linear
differential operators is flexible.

Naoki Hamada, Naoto Shida, and Naohito Tomita [9] showed the bilinear pseudo-differential operators are
determined in the framework of Besov spaces that improve boundedness of the operators.

For each positive integer n, we write Dy ojn to denote the operator on H? given by the rule Zij,n fp =

ZC(p].D(")(fj) = ij(") o ;. The main results provide complete characterizations of the boundedness and
compactness of operators Der,-.n on H? (Theorems 2.1 and 2.2). In addition, we characterize the Hilbert-
Schmidt operators Dy, jn ON H? (Theorem 3.3). [1] use some ideas which are found in [3].

For ¢; be an analytic self-map of D. The Nevanlinna counting function Ny 0; of ¢; is defined by
1
Z N, (W] Z Z log (m) w; €D\ {(pj(O)} (1.4)
@j(2)=w;

and ) N(p].(<p]-(0)) = . Note thatZNq)j(wj) = 0 when wj is not in ¢;(ID). For each f; € H?, by using change
of variables formula and Littlewood-Paley Identity, the norm of } C(pjfj is determined as follows:
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D fe 0 1= D 1 O +2 | 315 ()] Ny, (w)ad(w), as)

where dA is the normalized area measure on D (see [2. Theorem 2.31]). Moreover, to obtain the lower bound
estimate on || Dy, || we need the following well known lemma as follows (see [2. p. 137]):

Suppose that ¢; is an analytic self-map of D and f; is analytic in . Assume that A is any disk not containing
{f7*(¢;(0))} and centered at a. Then

> Ny, (fi(@) S%LZN‘M (£,(w)) dA(w)), (16)

where |A] is the normalized area measure of A.

2 Boundedness and Compactness of Dy . »

Here we show under some specific conditions well mentioned useable ways of finding bounded operators.

We determine which of these operators Dy pjn are bounded and compact (see [1]).

Theorem 2.1. Let ¢; be an analytic self-map of D and n be a positive integer. The operator Dy ojn is bounded
on H? if and only if

D Ny () = 0 (1D 1og (/1w D) (wy| = 1). @21y

Proof. Suppose that Dy ojn is bounded on H2. Let f;(z) = Ka@) _ J1ZIA1 for A € D. By (1.5), we see that

IK Al 1-Az
2
S 0,1
2
> 10,0

. (n!Z",/1—|,1|2> ’
i\ 1 _ 3 An+1

1- /TZ)""’l

IR (n+ D1 T A
—Z f Z _ N, (w)dAw,)
(1 — /1(,0 (0))n+1 (1 — ij)n+2 J
2((n+ HH2IAP"2A - 121
= fu}) Z |1 — Aw;[2n+4 N<Pj(W1')dA(Wj)- 2.1
Substitute w; = ¥ a; (u;) =
2 2((n+ DDA = AP N
I Ny, (w() |G w)Pdaw).  @2)
D |1 — laa(u )|
Since 1 — ¥ Aoy (yj) = Z = M' and > a,l(u]) =) (1'1';;1)2, by substituting a; and 1 — Aa; back into (2.2), we
—Au;
see that
2 2((n + DD2|AP*21 — du 2"
Z 1Dy, nl|” = jD Z = TNy, (@2(w)) dAquy). (2.3)
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Because }; |1 — /Tuj| > %for any u; € /2, we get from (2.3) that
2 2((n + DH2|A|2n+2
Z ”D(/Jj,n” = J?EZ 22n(1 — |A]2) 2+t N‘/’j (al(uj)) dA(uj)' (2.4)
2

There exists r < 1 such that for each A with r < |A| < 1, Y a;*(¢;(0)) & D/2 because ¥|a;*(¢;(0))| =
> |a(p].(0) (/1)| and ), Qg (0) is an automorphism of D. By (1.6) and (2.4), we have

2((n + 1)H?2|a)2+2
Z ”D‘/’i’nnz = 22n(1 — |1|2)2n+1 J?EZ N(Pj (al(uj)) dA(uj)
2@+ DYAPT o Ny, (@ (0))
= 22n(1 — |A[2)2n+1 z 4

_ ((n+1)D?a2"*2
- 22n+1(1 — |A|2)2n+1zN¢’j(/1) (2.5)

for each A with r < |A| < 1. Since Dy ojn is bounded, there exists a constant number M so that

((n + YA
Mllr—I»ll 22n+1(1 — |]2)2n+1

N, (1) < M. (2.6)

J

We know that log (1/]A4]) is comparable to 1 — |1] as [1] — 1. Note that

((n+ 1)H?|a*n+2
|£1|T1 22n+1(1 — |2[2)2n+1 No; (D)
i S (O DDA <log (1/|/1|))2"+1 Ny, (1)
T e £a 2201+ A2\ 1 — |4 (log (1/]A]))>™+*
(n+ D2 Ny, (4)
> ——— lim .
26m+4 - jals1 £ (log (1/]4])) 2+

2.7)
By (2.6) and (2.7), we can see that
N5 ;1) = 0([log (1/1AD]*™*Y) (1A] - 1). 2.7

Conversely, suppose that for some R with 0 < R < 1, there exists a constant M satisfying

sup )" N, (wy)/[log (1/Iw;DJ"* < M.

R<|wjl<1
Let f; be an arbitrary function in H2. It follows from (1.5) that
D Ipg, il
= 210l +2 [ DU Wyl Wy ()
RO
w2 ([ 1 ) M )tan.

+f |fj(n+1)(wj)|2N¢j(wj)dA(wj)). (2.8)
D\RD
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First we estimate the first and the second terms in the right-hand of (2.8). Observe that

P (n) nle ™f;(e) do
Z f (Z) f)'K f Z (1 —e lGZ)n+1 27-[

and hence

VPl < o [ YU S e 2 29)

for any z € D. It follows from (2.9) that

- il f
Zlf, (p;(0))] < 2(1 PRODEE (2.10)
Moreover, we can see that
1 n+1 +1)!
MU0 = | kS ))| (n — |))"+2 Dus 2.11)

for any z € D. Therefore by (2.11), we see that

n+1 2 (n+1)!
L DZV;( Y(w))| Ny, W) dAw)) S< - R)n+2> IS fR N (A )

Since X Il @; I = | X ;O[> + 2 f Ny, (w;)dA(w)) by (1.5), we obtain

1
fD Z N, (w))dA(w)) = EZ(II 9 17— |9;(0)]?) < L. (2.12)

From (2.11) and (2.12), we see that

n+1 2 5
[ Sl onpacn < (L) S ug e 13

Now we estimate the third term in the right-hand of (2.8). We have
2
[ Dm0 ) e owppdac)
D\RD

= f DI ()] tog 171wy 2+
D\RD

N¢j(MG) (n+1) 2 2n+1
= el (1og(1/|wj|))2"+1jl;»\m 77l Cog /s DGy

SMf Z|ﬁ(n+1)(wj)|2(10g (/1w ))*™ 1 dA(w)). (2.14)
D\RD

w,(“ﬁ)
(log (1/|w; )+

dA(w;)

Let £;(2) = 28— X al,z™. We get
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fD\RD D1 () og (171w ) dA (wy)

< i Dm0 om0l [ [0 g 1/ A
< i Lt m =1 m = e [ 10y 0F ok (1w 7+ a4
=S Ym0 m— L e 0g e S
e
< ,ZH D m2am = 12 . om = n)*[ e
[ e og apmpyenranan, (215)

Now substitute ¢; = rjz and u; = log (1/t;) to obtain

1
f Z(rj)z(m—(n+1))(log(l/n))2n+1 ZT'dT}
0

1 2n+1
m—(n+1) 1
=f0 E t{ +1)<§10g (1/tj)) dt;

= (1/2)%+1 f ze—“f<m—">uf"+1duj. (2.16)
0

By substituting x; = (m — n)u; back into (2.16), we have
(1/2)2n+1 foo Z e—uj(m—n)ujZn+1duj
0

1 [oe]
= —X,.2n+1 .
~ 22t (m — p)2nte Jo E e xi " dx;

r2n+2)
= 22+ (i — )2+ (2.17)

By (2.14), (2.15), (2.16) and (2.17), we can see that
2
fm)\zeu»z 572 ()l N, () (wy)

<M Z ZmZ(m—l)Z___(m_n)z|a£'n|2 rn+2)

22n+1(m — n)2n+2

2n+ 1)! i Zm Zm—1%..(m—n+1)? @ ]|

22n+1 (m — n)Zn

m= ?g,o+1
(2n + 1)!
< MA- Z > lan|’

< MAZTH'Z AR (2.18)
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m?(m-1)2...(m-n+1)>?
(m_n)zn

where 1 is a constant so that < A for each m =n + 1 (note that the function f;(x;) =

sz- (x—1)? w(j-n+ 1)?

P~ is bounded on [n+ 1,4)). Then (2.8), (2.10), (2.13) and (2.18) show that Dy in is
bounded. We have the following (see [1]).

Theorem 2.2. Let ¢; be an analytic self-map of D and n be a positive integer. The operator Dy, ojmn is compact
on H? if and only if

> Ny w) =0 > (llog (1/Iw; D) (wyl = 1. (2.19)

Proof. Let h,,(z) = —Vij{lmzlz for a sequence {1,,} in D so that |1,,] » 1 asm — oo. Then h,,, - 0 weakly as

m — oo by [2 Theorem 2.17]. First suppose that Dy, is compact. Hence 3, ||D(p]._nhm|| >0asm-o .
Therefore (2.5) shows that

lim

m-oo

((Tl + 1)!)2Mm|2n+2
Z 22n+1(1 _ |/1m|2)2n+1 N<pj(/1m) =0.

Since log (1/]4,,]) is comparable to 1 — |1,,,| as m — oo, the result follows.

Conversely, suppose that (2.19) holds. Let € > 0. Then there exists R,0 < R < 1, such that

sup Z N, (w))/llog (1/Iw; D™ < e. (2.20)

R<|Wj|<1

Let {(f])m} be any bounded sequence in H2. By using the idea which was stated in the proof of [2. Proposition
3.11], we can see that {(f])m} is a normal family and there exists a subsequence {(fj)mk} which converges to

some function f; € H? uniformly on all compact subsets of . Let (g]-)mk = (fj)mk — f; for each positive

integer k. Note that {(gj)mk} is a bounded sequence in H2 which converges to 0 uniformly on all compact

subsets of D. By (2.8), we obtain

> 12w, |

n 2 n+1 2
=l onf 2 [ 3|0 )] Ny ouaacn)
+2 fD\RDZ |(gj),(::1)(wj)| Ny, (W) dA(w;). 2.21)
By [11]. [Theorem 2.1, p. 151], we can choose k. so that
z |(9j):i(<pj(0))| <e (2.22)
and ) |(g]-)£::1)| < /e on R whenever k > k.. Substituting fj(z) = zinto (1.5), we see that
f Z () (w)| Ny, wdA(w) <€ f Z Ny, (w))dA(W,)
RD RD
€
= 52(" ;2= 19;(0)[?) (2.23)

for k > k.. On the other hand by (2.20) and the same idea as stated in the proof of (2.14) and (2.18), we see that
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[ DIl g, )dacm)
D\RD

N‘P](W])
< R<S|$]I|)<1 Z [log (1/|w;])]?"+1
J- |(gi):::1)(wj)| [log (1/|Wj|)]2n+1dA(wj)
D\RD
<cey |9, ] s

where C is a constant. Hence we conclude that ), ”D‘/’j'"(gf)mk" converges to zero as k — oo by (2.21), (2.22),
(2.23) and (2.24) and so D, ,, is compact.

The preceding theorems lead to characterizations of all bounded and compact operators Dq,jﬂ when ¢; is a
univalent self-map (see [1]).

Corollary 2.3. Let ¢; be a univalent self-map of D and n be a positive integer. Then the following hold.

() Dy, ., is bounded on H? if and only if
Z(P]y

Z ol L/ B (2.25)
su .
wje £ (1= [, (w) )P
(ii) Dy ojm is compact on H? if and only if
Z Z L [l =0 2.26
it 22 2T TayGop Pt (2:26)

Proof. Since }. ¢; is univalent, we can see that Ny, (w;) = log (1/|z[), where @;(z) = w;. We observe that

5 N, W) ~log (z)
[

log (1/Iw;DI"#1 ~ £ (—log (lg; (1)) 2.27)

Moreover, we know that log (1/|z|) is comparable to 1 — |z| as |z| = 1~. Furthermore |z| = 1 as [¢(2)| = 1.
Therefore the results follow immediately from Theorems 2.1 and 2.2

3 Hilbert-Schmidt Operator Dy o

We begin with a few easy observations that help us in the proof of Theorem 3.3.

By showing some needable tools of Hilbert-Schmidt operator, its norm and bound, by considering some
Lemmas.

In the proof of the following lemma, we assume that 0° = 1 (see [1]).

Lemma 3.1. Let n be a positive integer and a;, > 0 for each 0 < k < n. Then for 0 < x < 1, the following
statements hold.

ol xk She Sal
(a) Zk 0 Z - xl){n+k+1 = (1_;)2n+l;'

. Jj
(b) There exists a positive number 87 such that ¥;;_, 3. i

1- X)n+k+1 = Z (1- x)2n+1
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Z Z _ Thoo Dalxk( —x)nk
(1 _ x)n+k+1 - (1 _ x)2n+1

Since 0 S x<1and @ >0, we conclude that ¥7_,a/x*(1—x)"* < 3% ,a). Hence the conclusion

follows.

(b) We have

¢! —x)Z"“Z Z(l P Z Zakxk(l —x)"k > 0.

Since Y2_, ¥ alx*(1

YR o Y alx*(1—x)"k = BJ. Hence the result follows. We have the following (see [1]).

Lemma 3.2. Let n be a positive integer. Then

Z [m(m = 1) ..(m — n + D]2x™ ™ = (n1)?

m=n
foro<x<1.

(n+K)! xk
k=0 (kDY2(n — k)! (1 — x)n+k+1

Proof. See [7, Lemma 1] and the general Leibniz rule.

— x)" ¥ is a continuous function on [0,1], there exists a positive number B/ such that

A Hilbert-Schmidt operator on a separable Hilbert space H is a bounded operator A with finite Hilbert-Schmidt

- 1/2
norm I A llys= (T2, lde,l1%) ",

of the choice of the basis (see [2. Theorem 3.23]). Now we have the following (see [1]).

where {e,,} is an orthonormal basis of H. These definitions are independent

Theorem 3.3. Let Dy ojn be a bounded operator on H2. Then Dy ojn is a HilbertSchmidt operator on H? if and

only if

2w
r—>1 27'[ Z

1 _ |(p (rel9)| )2n+1

Proof. Suppose that (3.1) holds. Lemmas 3.1- 3.2- and [10. Theorem 1.27] imply that

Z 2 12z ||—Z lem(m—l) Gm—n+ D

= Z llm— Z|m(m— D.(m—-—n+ 1)(p]m “(r ete)| de

r-1 21‘[

r—1

= lim Z ZTTJ- n2|m(m— 1. .(m—n+ 1)<P}m n(‘r‘ 319)| do

= ]1m—J- Z |m(m -D.(m—-n+ 1)§01m n(‘r‘ e19)| do

r-1 271'

= llm— Z Z (n!)z(n +k)! |(Pj(rei9)|2k

-1 21 J, (kDh2(n —k)! (1 _ |g0j(re"9)|2)n+k+1

21
< —
lrl—I}} ZTTJ z

1 — o, (relg)| )Znﬂ’

(3.1)

(3.2)
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. N2 1 . .. . .. .
where ¢’ = Y1, % (note that the interchange of limit and summation is justified by [2 Corollary 2.23]

and using Lebesgue's Monotone Convergence Theorem with counting measure). It follows that
e oY ||D4,].,nzm|| < o0 and s0 Dy, is a Hilbert-Schmidt operator on H? by [2 Theorem 3.23].

Conversely, suppose that Dy ojn is a Hilbert-Schmidt operator on H2. We infer from [2, Theorem 3.23] that

(oo}

> > gl < o (33)

m=0

On the other hand, by the proof of (3.2) and Lemma 3.1 there exists a positive number g; such that

[oe]

2
> D Ipgynzm|
m=0

’ i D @+ k) oy(re)*

@R (1 g e

k=0

2limo [ b (34
> lim — . .
121 ), (1 _ |(Pj(7'€i9)|2)2n+1

Hence the result follows from (3.3) and (3.4).

4 Conclusion

A theoretical approaches of the composition operators with series of choosable symbols has boundedness,
compactness and has a differential operator with an explicit characterization on the Hardy spaces. A full
estimates of the Hilbert-Schmidt operator are classified and verified.
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